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^Sj , Abstract 

This is an expository account of Balaban's approach to the renormahzation group. The method 
. is illustrated with a treatment of the the ultraviolet problem for the scalar (j}"^ model on toroidal 

^ l' lattice in dimension d = 3. In this second paper we control the large field contribution to the 

' , partition function 

1 Introduction 

This paper is an extension of part I [19^. We recall the general setup. We are studying the tp'^ field 
theory on a toroidal lattice of the form 

T^^^ = (L-^Z/L^Z)3 (1) 
The theory is scaled up to the unit lattice T^^,^ and there the partition function has the form 

Zm,n = J PoW^ (2) 

where for fields $ : T^^^^ R we have the density 

Po^$)=exp(-5o^$)-Fo^$)) (3) 



with 

1 1 (4) 

^^0^$) =eo^Vol(TM+N) + i^oll'&ir + ^Ao^ E 'f'(-) 

X 

and very small coupling constants Aq = L~^X,iiq = L^^^ii, etc. The superscript N is generally 
omitted so we have Aq , /xg , etc. . 

Our goal is to show that with intelligent choices of the counter terms Eq , /Iq the partition function 
Zm,n satisfies stability bounds which are uniform in the ultraviolet cutoff N and with bulk dependence 
on the volume parameter M. The method is the renormalization group method of Balaban ([1] - [14]). 
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In fact our primary goal is not the stability bounds, which are interesting but not new, but rather the 
illustration of Balaban's method. 

The first renormalization group operation is defined as follows. We create a new density defined 

for $1 : Tl^^ ^ M by 



pi($i) = const J exp - Q^olP^ /5o(*o) c?$o 



(5) 



Here Q averages over blocks of linear size L. Then one scales back to a unit lattice replacing $i by 
where now $i : T^_|_^_j — > R and 

$i,l(.t) = L-'/^<!>ix/L) (6) 

Thus we define 

pi($i) = const (7) 
The constants are chosen to preserve the integral: 

pi($i)d$i = J po(*o)rf*o (8) 

This operation is repeated. However to control the densities po, pi^ p2, ■ ■ ■ that are generated we 
need an extensive analysis at each stage. The key idea is to analyze large and small field regions 
separately. We give a first taste here in a somewhat simplified version. 

In ([5]) insert under the integral sign 

l = ^C(f^^,$o)x(f^i,<I'o) (9) 

Here we have partitioned the lattice into cubes □ of linear size M = i™. We are summing over regions 
ill which are unions of such cubes. The function x(^ii ^o) is the characteristic function of the set of 
fields which satisfy some small field conditions in fli. The conditions are 

|$i-Q$o|<Po \d^o\<Po \<^>o\<K~'Po (10) 

where po = (— log Aq)^ is actually rather large. The function C(^^i, ^n, ^i) is the characteristic function 
of fields which violate at least one of these inequalities at some point in each cube in ill. 
The resulting integral can now be written (splitting the bonds across dili) 

pi($i) =const^ J d^o^mmi, $o)exp ~ Q^oWl^^ - ^o(f^^<fo) - V,{ni, $0)") 

I d^o,n, x(f^i,$o)exp - Q$o||?2i - 5'o(r!i, $0) - Vo(17i, $0) 

The idea is now to carry out a detailed analysis of the small field integral over [. . . ] This involves 
expanding around the field $0 which minimizes the first two terms in the exponent. This generates a 
new action 5*1(171, $1) and a fluctuation integral. Then one writes the fluctuation integral in a local 
form, which means doing a cluster expansion. After scaling the fields and the region fii we have a 
new contribution to the density of the form 

[•••] -exp(-5i(r!i,$i)-yi(r!i,$i)+ ^ ^i(X,$i)) (12) 

xcni 

The first two terms are similar to what we started with but now with new coupling constants Ai = LXq, 
fii = L^fiQ + . . . , etc. The localized functions E{X, $1) are defined for polymers X (connected unions 
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of AI cubes), depend only on $i restricted to X, and are exponentially decaying in \X\m (the number 
of M cubes in X). 

Now consider the large field region f2^[. In a cube □ C fi^ at least one of exp(— a/2L^||<i>i — (5<i>o|jg) 
or exp(— S'o(n, $0)) or exp(— Vo(n, ^o j) is bounded by e~'^'-^'>Po . Thus the first exponential in is 
bounded by e~*-'^^''^ol^i 1*^ . This tiny factor is sufficient to strongly suppress the contribution of any 
large field region and control the sum over fii. 

Now one repeats this operation. At the fc*'' step we have a tighter definition of small fields based on 
the new larger coupling constants Afc = L'^Aq and smaller parameters pk — (— logA^)''. Correspond- 
ingly one makes a new large/small split ^k+i in the current small field region flf^. The overall result 
is a sum over decreasing regions fti D ^2 D ■ ■ ■ D with an explicit leading action in the current 
small field region fifc. 

The main issues are the detailed analysis of (1.) the small field region, (2.) the large field regions, 
(3.) the coupling between them, and (4.) the convergence of all the sums. Point (1.) was considered 
in detail in the first paper. Here we are concerned with points (2.) and (3.). A third and final paper 
establishes point (4.) and completes the proof of the stability bound. 

Although the broad outlines of the procedure are due to Balaban, especially in his treatment of 
the linear sigma model [8] - |14j . we deviate in many of the particulars. 

Before plunging into the details of the general problem we open with an analysis of the free effective 
actions which are generated by this process 

convention: Throughout the text 0(1) stands for a constant independent of all other parameters. 
Also C stands for a constant depending on L, but on no other parameters. Both 0(1) and C can 
change from line to line. 

2 Localized block averaging 
2.1 block averaging 

First some definitions. In any of our lattices T|^'j_M-fc t^'^ centers of L"-cubes are the points in the 
lattice T^^nj For a region il C T|^'j^^_j,, let 51^"-' be the centers of L"-cubes in fl, thus we have 

0(n) —On T"^^"") 
" —Sill l|v| + N_fc- 

Let $0 be a function on the initial torus TJ^^m and po{^o) an initial density. Let fli be a union of 
LM blocks in T^^^ ^o^' some large M — L™. If <I>o.sii is the restriction of $0 to fti and Q is averaging 
over L-cubes, then (5$o,ni is a function on ri^^"* ( = $7x0 T^+n)- 'i'l.sii is any other function on 
n^i^ we can form0 

ll'fi-g'foll^jti, \<^i{x) - QM^)\^ = L^l^i - Q'^ollii, (13) 

In the following we generally write an expression like ||"I>i — Q'l'oll^ci) as just ||$i — Q^oIIhi ^^'^ 
expression |"I>i — (3$o|^(i) as just |$i — Q^oln^- It is understood that the norm is to be evaluated on 
the intersection of the domain of the fields with fli, with the appropriate weighting. 



-"^In general if / is defined on H C T then 
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We define block averaging in fii by 

Pi,Oi(*o,nj,*i,nJ -A^'fjCD J exp - Q^k^ Po(*o) d*o.Oi 



(14) 



where 

J^a,n = (27r/a)'"l/2 |r2| = number of elements in ft (15) 

The preserves the integral: 

J Pi,0i(*o.05,*i.0i) rf^-o.njrf^-i.oi = y Po(*o)rf*o (16) 

Next we scale back down to a unit lattice . Replace f^i by Lfli where now fii is a union of Af -blocks 
in T|^^|^_-^ (i.e. length M, not M sites), so that Lfli is a union of LM blocks in T^_|_^. Then replace 
^i.LQi, a function on (Lfli)^^'' = LQ.i nT^_|_^, by = [^is1i]l where now ^i^Qi is a function 

on n*--^^ = fii n T^+N_i- Also replace [^olinj, a function on il^^j; C T^^^^ by [(l)L]Lni = ['/>05]l where 
now (^fjc is a function on fll C T^^i^ -^. Thus the definition is 



Pi,fii('/>05,$i,0i) =const pi^L^i (^[(/>nj]L, [^i.oJlJ (17) 

with the constant chosen to preserve the integral. 

We iterate this procedure always shrinking the region in which we are averaging. (Later we impose 
some conditions on this shrinking). After k steps we will have a sequence of regions 



n = {ni,n2,...,nk) (is) 

M + N-fe 



in T^*! ,, which satisfy 



1^1 D 1^2 3 • • • 3 f^fc (19) 
The region flj is a union of L^'^^^^^M blocks. We also define 

5Vlj ^ Vtj - j ^l,2,...,k-l (20) 

See figure [T] for an indication of how a piece of this might look in the case where the complements il^ 
are small (the more likely case). 

After k steps we will have a density p^, j-j (0sic , ) with the same integral. Here ipQc : — > M 
and 

^k,n = (*l,5ni,$2,502 • ■ • ,^'fc-l,50fc„i,$fc,nj (21) 

where 

$,,,o, -^M j = l,...,fc-l ^^^^ 



Note that Snf> C T^^^^^i^j^ and 17^^ C TO^_^m_^,. The fields can also be regarded as a single 

function on 

dn['^ u <5r!(') u • • • u snl^'s,'^ u i^i'-^ c t^%_, (23) 

The next step is taken by introducing by choosing flk+i C flk which is a union of LM blocks in 
^M+N-fc- There is a new field $fc+i : 17^*^+^^ ^ R ( rj^^';^^ = i^k+i n Ti^_^M_fc) Now define 

(24) 
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Figure 1: Nested regions Qi Z) Q2 ^ ^3 ^ 

and 

^fc+i.f2+('^f^j'*fe+i,rj+) 



(25) 



Next we scale. Replace by LJl"^ where still Jl"*" = (ili, $72, • ■ • , i^fe, ^k+i) but now fij is a union 
of L"(''+i"-'')Af blocks in T|^'j;;;j^_^_^. Replace (/j^nj by [i^Llinj = [f/'ajli where is defined on the 
new ni. FoT 1 < j < k replace ^j,Lsnj by [^j.L]LSn, = [$j,5ajL where now is defined on 

(5fi^-'^ = (5% n T^^'["^^jrj,^_J, and similarly replace ^k+i.Ln^+i by [^fe+i^ilLfife+i = [^k+i^+^L where 
now $fc+i is defined on $l[.*^^' = f^fc+i n T^_|_M_fc_i)- With these changes we get the a function of the 
'^'^^ *fc+i.J7+ ^ (^i^-Jf^i : • ■ • ' , $fe+i,nfc+i ) defined by 

We can also compose the various averaging operators. For any field on any lattice define Qj^ = 
Q^^. This is averaging over cubes with sites on a side. Then define for (j) on 

Qk,n^^ ([Qi4>\sni, ■ ■ ■ dQk^i4>\snt-i,[Qk4>ht) (27) 
where [Qj(f>]sfij ■ Sfl'j^'' ^ IR- Let $j, j-j be any other field as in (l?T|) and define 

a = aC^) = [a['\ . . .,ai'^) = a^L^'^'-^^ (28) 
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Then we can form 

fc-i 



Lemma 2.1. For some constant A/"^. q 

Proof. The statement for fc = 1 fohows from (HH), (IT71) . Suppose it is true for k. Then 

=const y"exp(- -Q$fc||2j^^^ - i||(a(^-))5($^ - Q^, j^0)f)po(0^.)d$fe,n.+irf0ai 

(31) 

We make the spht ||$fe — Qk^'Whk ~ H*^*^ ~ Qfe'^llrifc+i + ll'^'fe ~ Qk4'\\'snk- evaluate the integral over 
^k,nk+i expand around the minimizcr in ^k,nk+i of 

2^11$,.+! - Q^kWl,^, + y - QkcbWk^, (32) 

This is a problem already discussed in part I on the whole torus. The solution is the same here. The 
variational equation for $fc is 



ak + j^Q' Q) ^k = akQk(l> +J2Q (33) 

The solution is -^k = *fe,nt+i = '^ksik+A^k+i^cf)) given by 

„r-2 aL^^ 
= Qfc^ — + —-^Q^'^k+i (34) 

A short calculation shows that the value of ([5^ at the minimum is 

- Q*,||2 + f llvffc - g.0||^,,, = ^ll'^'^+i - Q^+i<^llo.+. (35) 

Now in (|3T|) write $^,0^+1 = ^fc.fifc+i +^ (all functions on the unit lattice ^''k+i) ^^"^ integrate over 
Z instead of ^k.iik+i- The terms with no Z' s are psp . the terms linear in Z vanish, and the terms 
quadratic in Z when integrated over Z yield a constant. Thus we have 

^fc+i,n+(<^"J'*fc+i,n+) 

exp ( - ^||$fc+i - Qk+i4>\\li^^, - 2 " '^Mm)po{^L^)d4>n, 

Scaling as in (|26|) yields 

(37) 

which is the result we want. The constant ^ can be evaluated by integrating over all fields. 
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2.2 free flow 

Now suppose we start with the free density given by ([3]) with Vo = 0. Written in scaled form for 
^ ■■ ^M + N-fc ^ M it is 

Po(0lO - cxp ( - i < 0, (-A + fik)^ > ) (38) 



Thus we wish to evaluate 

Pkn(M^'^k,n)=Kh J °^p(-^ll^^(*fe.i^-Qfe,fi'^)ll'-^ <<^'(-^ + /^'^-)';^>) (39) 

The analysis depends on the decomposition 
I < 0,(-A + /2fe)(/) > 

I 1 (40) 

= 2 < [-A + /ifc]oj(/)05 > + < 0f2i, [-AJoi.oj^oj > +- < </)Oi, [-A + /ifc]f2i(?!'ai > 

Here 0n is the restriction to fi, [— A]si = Iji [— A] Iji is the Laplacian with Dirichlet boundary conditions, 
and [-A]o,n- = ln[-A]loc. 

Theorem 2.1. Starting with the free density after k steps the density has the form 

=^fe,f2exp(- -||ai/2($^^^ _Q^^^0)||2^^ _ _ < 0,(_A + /2fc)0 > j at (f>n, = ^^ f^ 
Here Zj^q^ is a constant and (j)^, j-j ; T|^'j^^_j, n i^i — > M is defined by 



where 

-A + /ife + g[^aQ f^j ' (43) 

' J III 



Proof. Inserting pO|) into (p9l ) we have 



(44) 



We do the integral by minimizing the exponent in ■ Taking the derivative in this variable and 
setting it equal to zero gives the variational equation 

[-A + fik+ Qln'''^k,nhi'f>n, = Ql^a<^,,n + [A]ni,nj</'05 (45) 

and the solution is — (f>i^ as given by P^ . 

Now in the exponent in p4)) write (j)ai = 4'kft~^^ ''^^'^ integrate over Z instead of i/ioj . The 
term with no Z^s comes outside the integral and gives the exponential in (j4ip . The term linear in Z 
vanishes. The term quadratic in Z is — i < Z, [—A + /2fe + Q^fi^Qk fjlf^i-^' >• Thus we have the 
result with 

^k,n^Kh /exp(-l <Z,[-A + /ife + Q^^aQ,f^]o,Z>)dZ (46) 
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Remark. The result can also be written in the form 
where 

This action can also be usefully written in terms of the fundamental variables: 
Lemma 2.2. 



whe 



(47) 
(48) 

(49) 
(50) 



Proof. From (l48t we have 



1 / r - T 

A + pk + oaQfc o 



k,n 



Insert the expression for 0^, j-j and obtain 

Ski^^^'i'k.n'hn) -l\\^'^''^k.n\\' fe^*fc,0>G,_n(Q^j^a$, + [A]o„o5</>oj 

=l\\^'^''^kn\\' - l{Qln''^k,n^G,^^Ql^a<^,^^ 



(51) 



(52) 



which is (l49l). 



2.3 free flow - single step 

Now we investigate how to follow the free flow a step at a time. This is in preparation for a similar 
step for the full model. Assuming the representation (j4ip in the next step we would want to compute 
(ignoring constants) 

(53) 

where for : T^^N-k ^ ^ and $fc+i : ^ R 

Jj^+(<i>fc+i,$,f^,</>) 

=^^ll<f .+1 - + Iw^'^'i'^kn - Qk.n<l>)\\k + ^('^^ (-A + fik)<l>) ^^^^ 

To evaluate this integral we need to find the minimizer of Jq+ ($/c+i j^kft' i't'^l ''Pkft)) ^k,nk+i ■ 
Since this function is the minimum of Jj-j+($fc+i, j-j, 0) in we can proceed by finding the 
minimum of Jj^+ ($^+1 , $^ , </>) simultaneously in 4>q^ , ^k,nk+i ■ 
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Lemma 2.3. 

1. The unique minimum of J^+{^k+i,^i^fi,4') "ii^- 4'fii,^k.nk+i comes at ^ (jp w/ierel^ 



with 



-1 



and at ^fc.n^+i = *fe,j2fc+i (J^^) where 

*fc,0,+i + ) =*fc,0,+i ($fc+l , '/'fc+i o+ ) 



aL ^ rp 



2. Let ^"2+ 6e j-j wit/i $fc,Ofc+i replaced by the minimizer 5'fc^nfc_|_i (f^^); that is 
Then the minimizer in (j) can also be written "/"j. (^(^aj j so we have the identity 

3. The value o/ Jj-j+($fc_|_i, j-j, (/i) at the minimizer is: 



where 



k 



2 -J II -J -vjTiioi2j ■ 27^2 



(55) 
(56) 



(57) 



(58) 



(59) 



(60) 



(61) 



Proof. Recalling the expression ([29l) for || (a*^*^') 2 (<i)^ j-^ — Qi.Q(t>)\\'^ we find that the variational 
equations for J in = and = are 



(62) 



Both of these we have seen before. The first equation is solved by $fc = '^^{^k+ii 4>) defined in (IM)) . 
We substitute this into the second equation. First note that splitting ^k,nk — ^k,snk + ^k,snk+i we 
have 

fc-i 

Qjjl^^^^fc.n = E ^fQ'^'^^m, + *fc,n.+, (63) 
i=i 



^ ''^ written ^-fc- 
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The substitution ^k.n^+i — goes in the last term here, and we have on flk+i 

akQl^k = akQlQk(t> - ak+iL^'^Ql+iQk+i'P + ak+iL-'^Ql+i<i>k+i 
Then the second equation becomes 

k 

( - A + Pk + J2[Qjaf''Qj]sn, + L~^[Ql+iak+iQk+i]n,+^ 



(64) 



(65) 



^j.sn, + L "^ak+iQl+i^k+i + [Alni.nj^nj 



This has the solution (j) = (fp and with this choice the first equation is solved by $fc — 

k-\-\.\ t 

^'fc($fc+i,(/)0^^ ^+) = ^'fc,o,+i(0+). This establishes dSS]), 

Replace j-j by ^ ^+ in the second equation in (p^ and solve for 0. We find that = 
^k Q.i^^l^ ^fc $7+)' This gives the second representation for the minimizer and establishes ((59|) . 

To evaluate J at the minimum split the term i|ja^/^(<i>^ ^ — J70)lloi ^^^^ ^ piece in flk+i and 



a piece in ili — ^k+i- Then the value at the minimum is 
Jf^+($,+i,vI/^ j^+,(0O5>°^^ f^+)) = 2I2I 



(66) 



However just as in (|55|) the first two terms combine to give ^ak+iL ^ll^^+i — Q 



the same as 

k 



k+i'l>\\fi^+, SO this is 



Qk+ 



,1 + ^(0,(-A + Mfc)0) at 



(67) 



This is the same as and this completes the proof. 



Remarks. We develop some consequences of these results. Suppose we expand around the minimizer 
for ^f2+($fc+i,«'fc,f2,('/>nj,0fe^o) in ^-fc.n.+i, namely ^-fc^n.+i (f^"*")- Put $/c,o,+i = *fc,n,+i (f^+) + ^ 
and hence $^ = ^ ^+ + (0, Z). Then 0^ = ^fc^fjl^nj , ^-fc^fj) becomes 



Here we have used (|59l) and defined -2^, j-j = 0^, $^(0, Z) = OfcG^ flQk^- ^ow we claim that 
Jf^+ ($,+1 , vI/^,^^+ + (0, Z), (0^5 , 0°^^^^+ + Z, f^)) 
= 1 (0OJ , [- A + ) + , [- A]n, ,05 0°^^ ) + (f^i , <i>,+i_f2+ , 0°^^ ) 



(68) 



(69) 



That the first three terms are the value at Z = follows from the previous lemma. The linear terms 
must vanish. Thus we only have to look at the quadratic terms in Z which are 



:^JQZ\\l^^^+Sk{n„{0,Z),Z,^^) = :^JQZ\\l^^^ + Uz, 



A 



k,n 



(70) 
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The second form follows from (15^ . Hence (jBHl) is established. 

The original integral ((55)) with Z as the integration variable would now be evaluated as 

exp ( - [-A + Aifelos^of) - (<^o5 , hA]o,n;0;;._^^ ) - <^«^^_^+)) 



(71) 



Let us also check that this scales the way we expect. As in section 12711 we replace each by Lfij 
and each field like $j,5a, by [$j,L]L5n, = \^]m,\L- Since ^fe = L'^fLk+i and = L-'^af^^^ and 
is scale invariant we have 



It follows that 



and hence from (j55p 



k,W 



^° o- 



Then 



(72) 
(73) 

(74) 
(75) 



The other terms in the exponent in (j7ip scale similarly, and thus they become 

as expected. 

2.4 a variation 



We actually use a variation of the previous section. First suppose A is any union of Af-cubes in 

(77) 



"^M+N-fe define 



1 



^^(A,ci>,^^,0) - \\\^^''\^k^n - Qkn't>)\\l + \\m\l.A+^i^M\Hl 



Here contains half the bonds that cross the boundary of A. Precisely it is defined for 



^ K by 



\mlA 



(78) 



<a;,a;'>GA 2:eA,a;'GA<: 

This has the advantage that if Ai, A2 are disjoint (but possibly with a common boundary), then 

l|50ll*,A.uA. = l|90||?,A, + ||a0||2_A, (79) 
A similar decomposition holds for S'^(A, , </>)■ 
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(82) 



(84) 



Also suppose the free action is in a set A smaller than In fact suppose we have 

rJi D 3 • • • 3 f^fe 3 A D flk+i (80) 
with separation between il^ and A. In that case ([77]) becomes 

s*,iA, 0) = ^11$, - + ^imi^ + Ifi.mi m 

We study what happens to this expression if we make expansions around the minimizer for the original 
problem 4' = 4']^Q, = 't'kQ,^4'^''^^kQ) (which satisfies useful identities). Although this is not the 
minimizer for the current problem we will obtain a similar result. 

Lemma 2.4. For Z : ^^^^^p; and Z : T|^'^^_^, — > R each defined on a neighborhood of A 

S*k{A, <&fc + Z, 0, + Z) -5,* (A, 0, f^) + S*^{A, Z, Z) 

+ak < Z, ($fc - Qfc0fc_f2) >A +bA((90^ Z) 
where the boundary term is 

bA(a0,Z) = i L-^''d(bix,x')(^Zix)+Z{x')^ (83) 

a:eA,a:'GA<: 

Proof. Every thing is quadratic so it suffices to identify cross terms. These are 

flfe < Z, ($fe - Qk<f>k,n) >A 
-flfc < ($fe - Qk(j)^ ^),QkZ >A + < 90^ >*_A < J7,Z >A 

In appendix [B] it is shown that 

< dct>i,^n^dZ >,.A=< (-^)4>k,n^Z >a +bA(90,^j^ , Z) (85) 

Then our expression becomes 

Ok < Z, {^k - Qk4'k.n) >A 

-Ok < Qfe $fc, Z >A +((-A + ^fe + akQlQk)<l>kn'^)j^ + ^^(9(1)^ Q,Z) ^^^^ 

But the second and third terms combine to zero by the definition (|42p of 0^, j-j . There is no contribution 
from due to our separation assumption. This completes the proof. 

Continuing with our assumption on A, we now investigate how the single step analysis of section 
12.31 changes, particularly (IMl) . We introduce 

Jln,^, i^k+i, <i>fe» = ^ll'ffe+i - Q^kW'n,^, + SUA, ^k, 0) (87) 

and expand in $^-,0^+1 and cj) around the minima ^fe^Ofc+i(f^^) and f/*^^^ q+ — (pj^ j7('/'oj, j^+) for 
the original problem with 17^. The result is the following 

Lemma 2.5. For Z : nf^^ -^R and Z^^ ^ (p^, ^{0, Z) 

Jin.,. + (0' + ^k,n) 
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where 



*fc+i - Qk+i(p\\i\, 
1 



Ok 

2 



+ oll^'?^ll*,A+ oMfell-PllA 



and 



R 



(89) 



(90) 



Remark. S**;! (A, , 0"^^^^+) scales to -S^+iCA, '?^fc+i,n+) 

Proof. By the previous lemma our expression is 

+Sl{K, (f^+), 0°^^ ) + 5,* (A, (0, Z), j^) 

However the linear terms vanish since 



+ M|2 



(91) 



-^Q^($fc+i - Qvi/,_j,^^^(n+)) = ^Q^(ci>,+i - Q^^+^K+i.n^^ = ^ki^kA^^^) - Qk4>l^,^^, 



as one can check by inserting the definition of ^1*^ 0^+1(5^^) from ([57)) . Also as in (1551) . (|57)) 



(92) 



^ll$fe+i-Q*,,^.+^(f2+)||2^^^+5,!(A,vI/,,o,^^(n+),0O^^^^^ (93) 
Finally 



^WQZWl.,, + (A, (0, Z),Z^^^) ^ — WQZWl^^^ + 5..(f^i, (0, Z), Z, ^^) + 



(94) 



fe.J7,A 



The last step is from (|70p . This competes the proof. 

2.5 random walk expansion 

We analyze the propagator 



(95) 

,. We will need a random 



with Dirichlet boundary conditions, defined on functions on 51i C Ty^^ ^, 
walk expansion for this operator analagous to the global expansion explained in part I. 

Recall that $1 — (fii, ri2, • ■ • , i^fc) with £7^ D %+i and VI j a union of L-'-'^-i^M cubes. For the 
random walk expansion we impose the separation condition 



d(17^,%+i) > L-^''-^'>MR 



(96) 



for some positive integer R — 0(1). Hence Silj = flj — ilj+i has a minimum width L-C^-J^Mi?. There 
n associated scaled distance that will play 

by 



is an associated scaled distance that will play a role in what follows. It is defined for (x, y) £ u'^j^iSfl'f'^ 



d^{x,y)^ inf TL'^-^ei^nsn,) 



(97) 



3=1 
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with SQk = f^fe- Here 7 is a path joining x, y in the lattice such that in Sflj the path 7 consists 

of L^^^^^^ hnks in S^f^- The factor L'^~^ in dfi{x,y) means we count these hnks as unit length. For 
< (5 < 1 if Af i? is sufficiently large this satisfies the bound (Lemma 2.1 in [6]) 



E 

y 



exp(-Mf2(a;,y)) < 0(l)r 



(98) 



Now is partitioned into L~^''~^^M = L-^+i+m cubes centered on the points z e 551 
Correspondingly there is a multiscale partition of Vti = S^li U 50,2 U • • • U 50,^-1 U fifc. We also 
consider enlargements \3z which are centered on the same points but have width 'iL~'^^^'^^ M in 50, j. 
They provide a cover of fii. 

The random walk expansion is based on local inverses based on the cubes U\ — \I\z we define 



□nQi 



(99) 



Here [— AJq^j^j^ is taken with Neumann boundary conditions on the part of the boundary of □ H f^i in 
57i, and Dirichlet boundary conditions of the part of the boundary shared with 9f2i. Away from dOi 
it is just [— A]j=j with Neumann conditions, as in part I. 



Define 



Ay ^ L cubes centered on w g 5Vt'^P 



(100) 



These give a finer partition of 50, j and hence also a partition of A basic result is the following: 
Lemma 2.6. Let Aj^ C □ n 50^ and Aj^- C □ n 50, y , \j - j'\ < 1. Then with 70 = 0{L-^) 

|lA„5G, f^(a)lA,,/| <Ci-('=--')e~^^°'f2^'"^^'^||/|U (101) 



Remark. 

1. Here 5a is the Holder derivative defined for x ^ x' hy {5af){x,x') — {f{x) — f{x'))d{x,x')~°' . 
We take ^ < a < 1. 



2. There is another way to state this bound which will be useful. It is 



iA„G,,j^(e)iA„,/ 



iA„aG,o(e)iA,/ 



< GL-2(fe-/)e-^''"'^J|(^'^''||/||^ 
Since \j - j'\<l this follows from ([TUT]) . 



lA,5a5G,_f^(a)lA„,/ 

(102) 



Proof. First suppose that Aj,, Ay/ C □ C 50 j In this circumstance we have □ n fii = □ and 

G.^^iD) = [-A + /2, + a,L2('=-^-)QjQ,] - 1 (103) 

We need to prove the bound with d^{y,y') = L^~^ d{y,y'). We scale up the the required estimate 
from Ty^^ j, to T'^^^_^ and prove it there. Replace / by /i-cfe-i) where / : ~^ ^'^d 
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replace □ by L where now □ is now a 3A/-cube in T|vi+N_j- Then fli^ ^'^ "'''fl)/L-('=-j) = 

i-2(fc-J)[Gj where 

Gk{a) = [-A + flk + akQlQk]^^ (104) 

is the standard propagator on Tiyi'j^i^ j. For the bounds (|101|1 it now suffices to prove that for unit 
cubes Ay, Ayi and x' e Aj^, supp/ C Ay/: 

|(Gfc(n)/)(x)|, |(9Gfc(a)/)(x)|, \iS^dGk{n)f){x,x')\ < Ge-^°''(^^^') 11/11 oo (105) 

These are aheady estabhshed; see [T or Appendix D in part I. 

It may happen that □ in not in a single SQj. Suppose that □ intersects both SD,j and dilj^i. Then 

Since d^{y, y') < L^^^d{y, y') it again suffices to prove (|10ip with the L''^^d{y, y') in the exponential. 
Again we scale up to where the propagator becomes 

«;■(□) ^ [ - Aq + + a,[QjQ,]Q^,^^. + ^[qJq,.]q^^,^^^.^J ' (107) 

We must estabhsh that G'j{\I\) satisfies bounds of the form (|105l) . now with Aj^ a unit cube, Ayi an 
L-cube, and x, x' e Aj,, supp/ C Ayr. In this case we use the identity ([6 , p. 230) 

G'j{U) = Gj(fi) + a]Gj{U)Q'^C,{U n (5f}j+i)QjG,(Q) (108) 

Here all the pieces have pointwise bounds of the form we want and this yields the the result. For 
Gj{\I\) use (I105P and for Gj{\I\ n 60, j) see |4, or Appendix D in part I . Also note the following piece of 
the estimate. If the L-cube Ayi is written as a union of unit cubes Ayii then for x e Ay, supp/ C A'y 

\{G,{U)f){x)\ < J2 |(G,(a)lA„„/)(x)| < G^e-^«'^(«-«")||/|U < Ge-^^°^(^'^')||/|U (io9) 
y" y" 

Here we used d{y, y") > d(?/, y') — L 

There is another special case that needs to be considered, namely when □ touches or intersects ri^. 
In this case □ fl fJi may not be rectangular and we may have mixed boundary conditions and so the 
pointwise bounds (|105l) may not hold. However we do still have L"^ bounds even for non-rectangular 
regions and mixed boundary conditions. In the scaled version instead of (|104p we have for a 3M cube 
□ in T^+N_i 

G^{U) = [-A + ni+a^Q'^Q]^^^^ (110) 
Instead of p05p we have for unit cubes Ay, AJ^ C □ n fii 

||lA„Gi(e)lA^,/||2, <Ge-^°'^(^'^')||/||2 (111) 

However on this lattice we have L^'^||/||oc.A„ < ||/||2,A„ < ||/||oo,Ay ^^i^ implies 

|lA„Gi(a)lA^,/| <Ge-""'(^'^')||/|U (112) 

Also on this lattice this implies bounds on the derivatives. Thus Gi(n) satisfies the bounds (|105p . 
This completes the proof. 
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A random walk or path is a sequence of points 



(113) 



in Jil^^^™-* U • • • U (jri^.'i^^^'"-' U q'^j^^'^K These are the centers of the cubes in the multi scale partition 
{□z}. Successive points in the walk are required to be neighbors in the sense that the larger cubes 

satisfy a^^ n a^^+i ^ 0. 



Theorem 2.2. The Green's function G^, j-j defined in has a random walk expansion of the form 

G,n = J2G,,n,. (114) 

convergent for AI sufficiently large. It yields the bounds for Ay C S^}j and A^/ C SQjf as in lilOO]) : 

L-('=-^")|lA„aG,^j^lA„,/| < CL-2('=-^')e-^^'"'f^('^''^')||/||oo (115) 

Proof. We sketch the proof (see [1] , [6] , [10] ) . Let < hz < Ihe such that be a smooth partition of 
unity subordinate to the covering {Qz} of fli. Thus supp hz C Qz and J^z /iz = 1 on. neighborhood 
of fti. Taking advantage of the size of Qz we can arrange that in 6ilj 



Define the parametrix 



Then 



-A + jl, + Ql^^Q^^n] ^Gl n = 5] /iz [ - A + /2fc + Qlji^Q^^^] ^^G,^^{Dz)h 

z 



(116) 
(117) 



where 



-A + fik + Qlo^^fc.rj 



, hz 



(118) 



(119) 



In the first term, since supp hz is well inside Dz we impose add Neumann boundary conditions on 
□z n r^i with no change and identify [—A + flk + Q^fi^Qkft^D nor This removes the operator 
Gj, ^{Dz) and leaves us with J^z ^1 ~ ^ Thus we have 



where 



A + M, + Q^j^aQ, J Gl^=I-Y,Rz^I-R 

' J ill ' 

Z 

Rz ^ KzG^ fliDz)hz 



(120) 
(121) 
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Then if the series converges 

oo 

oo 

n — LO0,UJl,...,UJn 



(122) 



The last line defines ^. We have used that RzRz' = unless n 7^ to identify the sum 

over walks. 

We estimate K^f ■ First for x E Ay C Sftj we have 

\{[^A,hz]f){x)\<0{l)[{L-('^-^^M)-^lAj\\oo + {L-(^^^^^^ (123) 
Indeed the term [—A, h^] is local and involves derivatives of h^, so we get the indicated factors. The 



term 
6flj as 



f can also be expressed in term of derivatives of since it can be written in 



Q j Q j : ^2 



/)(x)=a,L2('=-j)L-3^- {hM)-hz{x))f{x') 



and so is estimated by 



([qJQj,/i,]/)(x)| < 0(l)i2('=-^'M'i||lA„/|| 



(124) 



(125) 



Qj Qj •) 

Combining these we have for x G Ay C S^lj 

|(iC./)(a;)| <0(l)M-i(L2(fe-.^-)|ll^j||^ + i(fc-^)||l^^a/||^) (126) 

Combining this bound with the bound (|102p on G^. j-j(Q^) yields for x E Ay C n 6ilj and supp/ C 
i-2('=-^)|(if,G,f^(a)/)(:r)| 

<0(l)Af-i(||lA„G,f^(a)/||oo+i-('=--'')||lA,aG,_f^(a.)/|U) (127) 
<GAf-iL-2(fc-/)e-^^«''f^(^'^')|j/||^ 
It follows that for the same x, f 

i-2('=-^'|(i?,/)(a;)| < GAf-iL-2(fe-/)g-i7orff2(!'^2'')||/||^ (128) 
Now consider G^ j-j ^ with \uj\ = n. By (|102p and (|128l) we have for a; G Ay and supp/ C Ay/ with 

yo = y.Vn+i = y' 



<G(GM-i)V2('=-^')e"^^°''n(»*+i)||/||^ 



(129) 
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In the last step we use 

n 

^d^iyj,yj+i)> dfiiy,y') (130) 

to extract a factor e ^'^"'^0,^^'^ and then use with S ~ ^70 repeatedly. 
For convergence of the random walk expansion we have 

00 

\{G,^nf)i^)\<Y.\{G,^nJ)i^)\<CL-'^'-''^e~^^^^^ ^ (CM-I)" (131) 

n— cj: |a; | — n 

But for each there are at most 0{L'^) cubes Q^/ such that Qz fl Q^/ ^ 0, and so there are at most 
paths with \uj\ = n. Thus for M sufficiently large the sum is bounded by Ejr=o(C-^^^^"^)" < 
2. This establishes the bound on j-j. 

For the bound on dG^, j-j there are terms with dG^. ^{O^g) and we need the extra factor L^C^^J) 
to estimate it by (|102p . A similar remark applies to the Holder derivatives. This completes the proof. 



As an application we give an estimate on 0^ j-j = 0^. (0, ft) ^® defined in (|^^ . With 6ilj 
flj — rij+i for J = 1, . . . , fc — 1 and dflk = flk define 



ll'^'fcfjlloo = sup ||$j,5oj|oo 

i<i<fc 

Lemma 2.7. There is a constant C depending only on L such that on Sflj 
Proof, (/ij, is a sum of two terms. The first is 

k 

k 

-EE a,,L'^''-^'^G,^^lA^,Qj,^r,sn, 
Then on Aj^ C 50.^, by pTS]) and ^ (note the cancehation of the factors L^C'-i'^ by pTS]) ) 



(132) 



(133) 



(134) 



Gk^nQln-"'''^k^n <^^E E 



„-|7odQ(y,y')|mTrT, II 



(135) 



The second term is for cj) on il^: 



Then on Ay C Sn,, by pl^ and ^ ) 

G,_f^[A]a,,^,5<^ < C^e-^^"'*f^(^'^')L-2('=-i)|l[A]o,,^.5<^||oo < CU\U 



(136) 



(137) 
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In the last step we used that for : Tr,y|'^^ ^, R we have ||A0||co < C'(l)-^^'^|10||oo Combining the 
two bounds gives the bound on (/)^ j-j. The bounds on the derivatives are similar. 

Variations: 

(A.) A local version of (I133P will also be useful. This says for L"'*^"^' cubes Aj, in Sflj 



1a„ 



^-(l+a)(fc-j) 



1$ 



The follows since only one term in the final sum over y' contributes. 



(138) 



(B.) We can introduce a weakening parameter < sq < 1 for each L ■'^M square □ in Sflj and all 
1 < j < fc- Define 



n 



and define Gj, j-j(s) by 



(139) 



(140) 



In the basic convergence proof of the lemma we do not need all of the M~^, a factor M~^^^ would do. 
Thus if «□ is complex and |sn| < e"^ we have an extra factor Yio \sn\M^^^^ to estimate. This is less 
than one provided e^^ < Af which we assume. 

All the above results hold with |sg| < e^^. In particular theorem 12.21 holds with j-j replaced by 
Gj, fj(s)- We also change 0^, ^ to 0^, f^(s) by replacing G^ j-j by G^, q{s)- Then (/i^, f^(s) satisfies the 
bounds of lemma 12.71 and (I138P 

(C.) Similar results hold for the Green's function G°^^ ^+ defined in (|56p . This has a random walk 

expansion which is a scaling up of the expansion (jll4p for fc + 1. In this case the statement of the 
theorem says that for Aj^ C 5ilj and Ay/ C 6ilj' : 



1a G" r-» + 1a , f 



< 



(^^-2(fc-/)g-|70<ij^+(yy)||^| 



(141) 



Here j = 1, . . . , fc + 1 with (511^+1 = il/c+i. Now Ay in rJ^+i is an L-cube. Also d^+{y, y') is defined as 
in (P7|) but with the sum up to fc + 1, so in ilk+i paths are weighted by L^^. As in (|133p the associated 
fields 0°^^ defined in ([55)) satisfy on 5^lj 



This can be understood as (|133p for fc + 1 scaled up by L. 



Finally one can introduce weakening parameters {so}, replacing G*^ 



k+ 



with (jfi and obtain bounds of the same form. 



with G' 



fc+i,r2 



- (s) and 
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3 The full expansion 



3.1 definitions and notation 

In this section and the next we introduce the concepts we need to state the main theorem. A basic 
parameter is the scaled coupUng constant 

Afe = = ^-(^-'^^A (143) 

which satisfies Afc = L^Xq. This is our effective coupling constant after k renormalization group 
steps. We always assume is sufficiently small depending on the parameter L,M, and in particular 
log(-Afe) > 1. 

3.1.1 small field regions 

At the fc*'' stage of the iteration we will introduce not one but two new small field regions ilfe, Afc and 
the pair is denoted Ilk = {^kT^k)- Each will be associated with the introduction of characteristic 
functions in a manner yet to be explained. After k steps there is a sequence of regions with = 
and 

n = (Ho, Hi, . . . n„) = (Ao, Oi, Ai, f22, A2, . . . , fi^, A^) (144) 

These are decreasing: 

Ao D rii D Ai D 3 A2 D • • • D rjfc D Afc (145) 

All these regions are subsets of T]J^_^_j^_f. and %, Aj are unions of L~^''~^^M cubes. We also use the 
notation 

= (f2i,n2,...,fifc) A = (Ao,Ai,A2,...,Afc) (146) 
We require much stronger separation conditions than those defined in the previous section. Define 

r-fe = r(Afc) = (- log Afc)"- = {{N-k)logL- log A)"- (147) 

for some postive integer r. We assume always Afc is small so — log Afc > is large and is large and 
decreasing in k. The separation requirement is that 

d{{Aj-iY,nj)>5[rj]L-''''-^'^M d{n],Aj) >5[rj]L-''''-^'^M (148) 

where here Aj_i is all L~^''~^^M cubes intersecting Aj_i. 

There are some special cases. It may be that some region is the full torus T^'^^ j.. In this case 
all larger regions are also the full torus and for these there is no separation requirement. It may also 
be that some region is empty. In this case all smaller regions are also empty and for these there is no 
separation requirement. 

3.1.2 polymers 

Recall that a polymer X G is a. connected union of M-cubes in T|^^^_j.. 

A variation is a polymer with holes. Given a final small field region Ofe (not necessarily connected) 
on the same torus, suppose the large field region has connected components Sl'j. ^ (the holes). We 
define a subset of V). by 

Dfe(mod 0.%) = {X cVk: for all a either fi^ „ C X or fll.a^^ are disjoint } (149) 

We associate with any X e r>fc(mod Sl'j.) a linear distance duiX, mod f2^) on scale M defined by 

M dM{X, mod ni) = inf £{t) (150) 
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where the infinium is over all continuuum tree graphs r contained in X and intersecting every M-cube 
in X n Ofc, and ^(r) is the length of r. Thus dM{X, mod 51^) measures the size of the components of 
Xnfifc and the distances between these components. But dmiX, mod fi^) does not measure the bulk 
of X n il^. The idea is that decay in these regions (holes) will be taken care of elsewhere. li X C ilk 
then dM{X^ mod Q'j.) = dM^X) where dMiX) is the infinium of the lengths of continuum tree graphs 
intersecting every M-cube in X. In general dM{X,mod il^) < duiX). For any M-cube □ G ^2fe we 
have for a universal constants kq, Kq 

^ g-KodM(X mod ni) < (^-^5-^ -J 

XG-Dfc( mod nl),x^a 

See appendix lEl for the proof. 

Another variation is multiscale polymers I?^ j-j . An element X of P^. j-j is a connected subset of 

'^M+N-fc '^ith that X n is a union of L~'^^~^^ cubes. Let 

k 

be the total number of blocks in X . Then for any elementary cube □ C "D^ j-^ and large enough 

^ e""*""f^ < e-^'^* (153) 

See appendix [P] for the proof. 

We will also consider which is connected unions of LM cubes. Also for il^ = (fJi, . . . Q,k+i) 

with rife-|_i a union of LA4 cubes, we define 'D^j^^{mod O^+i) and 2^°^^ j-^t above. These are still 

i° "^M+N-fc but they wiU scale to X>fc+i, X'fc+i(mod fi^+i) and on T|y';"|^^_^,_^. 

3.1.3 localized functionals 

As discussed in section [^TTl associated with the regions (51i, f72, . . . , ilfc) are fundamental fields 

^k^n = (*i,5f^i ' ■ • ■ ' *fe-i,5f^.-i . ) (154) 

where 5^1 j = ilj — ilj+i and <&j,5sij is defined on the subset . We want to consider functions of 
the fields of the form H{X, j-j) with X E 2?fe(mod ilj:) and the property that they only depend on 
$j, j-j in X. For bounded fields these will satisfy bounds like 



\H{X,<^^^)\ < constexp(^-KodM(X, mod ni)j (155) 
We also consider sums of these denoted for any union of M-cubes A by H 

H{A) = H{X) (156) 



For boundary terms, denoted by -B(A) or some such, we employ a different convention summing over 
polymers X that cross A. We write 

B{K) = ^(^) (157) 



^This is not a very good notation, since if A is connected this could refer to the single function H(A) rather than the 
sum. One should really denote the sum by a different symbol. But the notation is already overburdened, so we instead 
we adopt the convention that if the region is given by a Greek letter like A then we mean the sum 
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where X^K means X crosses A or 

X#A ^ A:nA7^0andA:nA=7^0 (158) 

There are also the associated smeared fields 0^ j-j on '^y\\.H-k defined in (|42|) and we will also 
want to consider functional of the fields of the form H{X, 0^, ^) or H{X, J7, fj)- These are also 
required to depend on the indicated fields in X. In this case the functional depends on the fundamental 
fields outside of X, but only very weakly. In fact it will be useful to have a stricter localization. 
This will be accomplished by introducing modifications of 0^, j-j with stricter localization, which we 
now explain in several steps. 

3.1.4 averaging operators again 

First revisit the averaging operator j-j, also denoted Qj-j For 4> on T^^j^n^ we defined in ([77)1 

Qk,n^ = '9f2,T-'='^ ^ ([Qi0]5Oi, • ■ • , [Qk-i<i>\sn^-iAQk4>W) (i59) 

As a completion for this averaging we define on ^(jj, or more generally any multiscale field j-j 
of the form (|154p the averaging operator 

Qjo.n^n = (Qfe-i«'i,5ni,..-,Qi«'/c-i,5f2,„i,«'fe,aJ (160) 

Then we have 

QTo^fiQfi.j-f^^ = Qt'j-"^ = (161) 

3.1.5 buffers 

Let AT be a union of M cubes in TTi^'^^ We define a minimal buffer 

n{x) = (riiix), n2{x), nkix)) (i62) 

around X as follows. The region ilk{X) is X with R — 0(1) layers of M-cubes added. Then for 
j fc — 1, . . . , 1 we successively define ilj to be %+! with R layers of L^^'^^^'M cubes added. Then 
X C flk{X) C rik-iiX) C ••• C fli{X) and the separation condition (|96p is satisfied. The regions 
r2(Ar) are not generated in the same way as the $7 in the main expansion, and if X is small a more 
typical picture of n{X) is shown in figured] 
We also define 

Ar~" = X enlarged by n layers of M blocks (163) 
and AT = X~ is the case n = 1. Then we have 

fli{X)<zX~^^ (164) 

We also consider larger buffers defining 

X* =X enlarged by [rk] layers of M blocks = X^^''"^ (165) 

and X^* = X**, X^* = X***, etc. We also define 

X^ = Xk shrunk by [rk] layers of M blocks = {{Xyy (166) 

and X^" = X^\ X^^ = A:^^^ etc. 

For a single cube = □ = □*'', but in general 

a:^* c a: c a:*^ (167) 

The definitions of X"" , X* , X'^ vary with scale. If X is specified as a union of L-(fc-i)M blocks, 
then the enlargements also are taken with L~'^^~^^ M blocks. 
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Figure 2: A minimal buffer X C ^siX) C (X) C ni{X) 



3.1.6 sharply localized fields 

1. After k steps the current small field region will be A^ and instead of (f>f, j-j we will want to consider 
a field more sharply localized in this region; but still not strictly localized which would be too 
singular. These will be based on the buffer r2(A^) which provides a gradual transition. We 
would like to consider the field 0^, ^f^/^,y but it has to be expressed in terms of the fundamental 
variables ^ and these are not compatible with the buffer. The buffer r2(A*) is smaller since 
f2i(A^,) C fifc. Figure [3] might help in remembering the ordering of these regions. 

To remedy this consider the averaging operators Qjo (7(a*) which take functions 'fj^j-^*-) to 
functions on the unit lattice. Then the adjoint Q^„ r->.. , takes functions on the unit lattice to 

J ^T'\Si(A*) 

functions ^j^^yY.-j- It has the form 

^T0,r2(A-)*'= = (['9Ll*fc]<5ni(AJ), • ■ • , [Qf ^fc]A-0;,_i(A-), $/c,0;,(A*)) (168) 

where [Q'[_j^k]snj{Ai) is defined on Sfl'^j^ C "^M+N-k- This is equal to everywhere, but on an 
increasingly fine lattice as one moves away from A^. In 17i(A^)'^ C T^^i^ j. we can take Q^^fc. 
The combination is denoted 

and we may consider 

Note that this field j^j-^.) is defined on a neighborhood of J7i(A^) C 51^. and depends only 
on $fc- 

2. Another case is a field defined and localized by Ak-i,^k, -^k as above. Suppose 11(A^_.^) is a 
buffering sequence of length fc — f , defined as above, but finishing with unions of L~^M cubes . 
We adjoin ilk C Afe_i and define the sequence (r2(A^_j^), 17^) of length k finishing with unions 
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Figure 3: ordering of regions-I 
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fc-i 



Afc-i 



A- 



Figure 4: ordering of regions-II 



of M cubes. Another sequence of length k is fl{A'j:*). We combine them and form|f| 



(171) 



Now define a field 



^fc,n(A,_i,o,,A,) roughly localized in A*_i n A^'* as 



(172) 



Note that in A^_]^ n A^'* the field in parentheses is just {^k-i,snk-i i ^k,nk)- The ordering of the 
regions is illustrated in figure SI 

3. We also need still more localized fields. After k steps, let □ be an M-cube in ilk- We consider the 
buffer r2(n) and want to define 0^ 0(0) • ^ ^^^^ inside flk in the sense that □'^(^fl+i) ^ fi^^ 
then the buffer r2(n) is also in flk and we can define 0^ a function of $fc alone by 

(173) 



If however □ is near the boundary of fifc then 0^ J7(n) depends on $fc_i as well. In this case we 
define 



* In general let ft, ii be sequences of the form llll l. and suppose that and QJ; are disjoint. Then we can define a 
new sequence 

nn n = (qi n fii,. . . n , 



If Cl, tl satisfy the separation condition 1 196 II then so does f2 n fi. The increments for O n f2 are SQj U 5Qj 
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In passing from A: to fc + 1 we will introduced ^k+i in ^k+i and will be eliminated on 
= J^fc - flk+i. Then for □ e we define instead of 0^, J7(n) 

This is the same as 0^, J7(n) away from the boundary of 6^lk 
3.2 bounds on fields 

As a further preliminary we define some small field regions. A basic parameter here is 

Pk=p{Xk) = {-\ogXkr ^{{N^k) log L~ log \)P (176) 

for some positive integer p larger than r. 

We start with some restrictions which will be forced by our characteristic functions. 

Definition 3.1. For □ C ilk, Sk{D) is all {^k-i,nk-i^^k,nk) such that 

$fe - Qk(b 

\^^k,n{a) \ ^Pk on □ (177) 

\^k,n{a) \ <Pfc^fe^^* on □ 

If X is a union of M -cubes 

SkiX) = fl Skin) (178) 

OCX 

We say that □ is well-inside Qk if □~(^^+^) c fifc- In this case 5A;(n) is a condition on $fc alone, 
and the bounds are more or less equivalent to bounds on $^,5$^ for we have the following result: 

2_ 

Lemma 3.1. Let □ be well-inside Qk, o,nd suppose flk < C'(l)AjJ. 

1. If^k e Sk{a) then on □ 

\<i>k\<2pkX~~' |a$fc|<3pfc (179) 

2. Conversely if on □~(2-R+i) 

\^k\<PkX;~' mk\<Pk (180) 

then $fc G C5fe(n), i.e. the bounds |i77p /loZd wit/i a constant C on the right. 



Proof. [2], [g 

(1.) For a; C □ 



|$fc(a;)| < \'^k{x) - Qk4>k,n(a)i^)\ + \QkK^iS2M))\ <2pkXk"' (181) 



Also for a;, a; + Cu e □ 



|(a^$,)(a:)| ^|($,)(:, + e^)-($fc)(a:)| 

< sup |30fc^f2(n)(a;)| + 2pk < ipk 



^ It might seem more straightforward to work directly with bounds on ^f,,d^i^. The conditions I I177I I turn out to be 
more convenient since they correspond directly to pieces of the action, and behave better under iteration. 
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This proves the first part. 



(2.) We need fjp) | < CAj, ^^'^Pk on □. Since our assumptions imply (□')~^ C i^kiO) for all □' C □ 
we can use (|133|) to estimate on □ that |(/)^ J7(n)l ^ C\\^k\\oo with the supremum over □^'(^-ff+i) xhen 
the result follows from the bound on For the derivative we can get the same bound, but we need 
the better bound j^^jl < Cpk on □. 

For this we use the following identity. Let y be unit lattice point in □ and take a; in a neighborhood 
of Ay. Then the claim is that 



(x) = 



(183) 



Indeed the identity holds if the second term on the right is [(/)^ n{n)(^jo f2(n)-'^)](^)*^*:(y) which is the 
same as j-jpj(l)](a;)$fe(?/) . However since [—AJn • 1 — Ao^o<= • 1 we have 



Oi(n) 



1 = [^Mnmua) +tlk + Qfc,f2(n)a] • 1 (184) 



and so 



Therefore 



1 = 1 



(185) 



(186) 



which gives the result (|183p . 

On □ C rife(n) we have \dGf^ '11 — by (IllSp . Thus the derivative of the second term in 
(|183p is bounded by 



9(l-/IfeG,^^(n).l)$,(y) 



< CPkPk\ ' < Cpk 



(187) 



By ()133p for derivatives and the bound on 9$^, the derivative of the first term in (|183p is bounded on 
□ C nk{U) by 



a' 

<c ^ e--^f^<o) V A, g^o,^,c^ ($. - (y)) I 

<cY,e~'^'"'^i^^^''''\d{y,y') + l)pk < Cpk 



(188) 



The last holds since d{y,y') < d^^^^{y,y'). Thus we end with $!(□) 

(x)| < Cpk. 

Finally we need — Qki'k r2(n) I — ^Pk on Again let y be a unit lattice point in □ and consider 
^kiy) — iQk<Pk r2(n))(y)- Insert the expression (|183p for 0(n)- Terms arising from the first term in 
()183p are bounded by Cpk as in ()188p (now for 0^, j^^g-j not j^j-g^)- The remaining terms are 

My) - - AifcG, f^^n) • 1)] {y)My) = Mfe(QG, ^^(0) • i){y)My) (189) 
Since |Gj, fj^g^ ■ 1| < C, this is bounded by Cpk as in ()187p . This completes the proof. 
Here is a variation in which □ is allowed to approach the boundary of il^ . 
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Lemma 3.2. Let □ C ilfc and suppose jik < . 

1. //($fe_i,n,_i,$fc,f2j e 5fe(n) then onnnflk 

|$fc|<2pfcAfc^ |5$fc|<3pfc (190) 

2. Conversely if on n^C^^+i) the field $f = (Q$fc-i,i7fc_i , $fc,o J satisfies 

\^t\<PkXr \d^t\<Pk (191) 

then («'fc_i,o,_i,$fc,nJ e C5fe(n). 
This is proved as in the previous lemma, but now (/)^, j^p-, is J7(n)(Q^^o J7(n)'^fc^) '"^'ther than 
'/'fe,n(D)(Qr,TO,f^(n)*^-)- 



Next we introduce an analyticity domain for our fundamental fields. 

^M+N-fe- 



Definition 3.2. Let S be a fixed small positive number. Let □ be an M- cube in flk C T,^^^ . Define 



For X C flk define 



Pfc(n,(5) to be all complex-valued {^k~i,snk-i,^k,Qk) satisfying: 

I$fc-gfc0fe^f2(n)| <A~^"* on DnQk 

7'fe(X,(5) - fl T'fe (□,(?) (193) 

If □ is well inside SVlk then the bounds (|192p are a condition on ^k.Uk alone. As in lemma lOI if 
the fields are in Vkip) then on □ n fifc 

|$fe| <2pfcA;^"' |9$fe|<3A7"' (194) 

Note also that Sk{U) c ?'*;(□, 5). 

Once we have introduced il/t+i, ^k+i we use a modified definition: 

Definition 3.3. Let V 1(0, 6) to be all complex-valued {^k-i,5nk-iJ^k,snkT^k+i,nk+i) satisfying the 
inequalities U9S^) but with (j)^ fJjQ) replaced by (j)'^ j^jq^ defined in \175^ . For X C 5U,k define 

V'k{X,6)= fl V'k{D,5) (195) 

OCX 

For all fields at once a natural domain might be (^'^Zi['Pj{^^jj^)]L-i''-i) ^ ^^(fife, (5). Here the 
subscript [. . . denotes that the indicated function of fields on is to be scaled down to 

a function of fields on Tj^'^^ j,. However we find that in the final region we need tighter restrictions 
near the boundaries relative to the bulk. So instead we take the definition: 

Definition 3.4. 

'Pk.n = n [r-isn,,s)]^_^^_^^nVk{nk-nl\s)nVk{nf,2S) (i96) 
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We also define a domain of analyticity for fields on the fine lattice Ty^^ . , as in part I 



Definition 3.5. Let e > 2(5 fee a fixed small positive number and X C 'ir|^|ii_|^_^. Then TZk{X) is all 
functions (j) : X ^ C such that : 

m < (197) 

3.3 the main theorem 

We repeatedly block average starting with po given by ([3]). Given pk{^k) we define first 

Pfc+i($fc+i) = AT^^i / exp ( -iaL|$fe+i - Q^feM pfc($fe)d$fc (198) 
and then scale by 

Pfc+i(*fc+i) = Pfc+i($fc+i,L)L-l^^+"-^l/' (199) 
The theorem will assert that after fc steps the density can be represented in the form 

n (200) 

Xfe(Afe) exp ( - S+{Ak) + Ek{Ak) + Rk,Ili^k) + B^^jj{Ak)] 



where 

3=0 
k 



^fe,n =n^^P - A,) + (B,-i-<.-.,) (A,-i,A,) 

k 



Aj _ 1 : Aj 



J=0 

Here for <^j+i,Q_c : [ri^^;^]^^' — ^ R we define 



(201) 



Besides our basic variables ^^Q.^^ employ auxiliary variables 

^k.U = (Wo.n.^A,,. ■ . , Wk-i,n,-Aj (203) 
with Wj^sij^i-i-Aj+i : [rjj+i - Aj+i](j) R. The measure 

^^i,o~fi-A,+i is defined as in (|202p . 
We employ the convention that A_i, Qq are the full torus T|y|^,^_^. 

Now we can state the main result: 
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Theorem 3.1. Let L be sufficiently large, let M be sufficiently large (depending on L), let Xk be 

i_ 

sufficiently small (depending on L, M ), and let jlk < 0{1)X^ . Let £k, Xk, l^k be the coupling constants 
selected in part I. Then the representation i200\) . 11201]) holds with the following properties: 

L Zk is the global normalization factor of part I. It satisfies Zq = 1 and 

Zk+, = ZkU;l, (2^)I^M+N-J/2(detCfc)i/2 (204) 



2. The characteristic function Xfc(Afe) forces the field "I>fc to be in the space Sk{h-k) defined in 
[TT^,[T7S^. It has the form 

Xfc(Afc)= n ^k{a) xfc(n) = x(<i'fc e 5fc(n)) (205) 

3- Cfc.Afc_i,nfc,Afc ($fc-i, W^fc-i, 'I'fe) is a collection of characteristic functions forcing certain fields to 
be large or small or both. The exact defintion will be given in the course of the proof. It does not 
depend on $^ and enforces on Ak-i — ^k 

\<^k-i\<2pk-iX^^^Li \d^k-i\<3pk-iL^ (206) 

and enforces on flk ~ Afe for some constant Cw 

|$fc|< 3pfc_iA;!fi^ < 4pfe_iLi \Wk^i\ < Cu,Pk^iL"^ (207) 

In the expression I1201\) this is scaled down to 

($^-1,^-^-1,$^) =Cj;L'«-^(A,_i,o,,A,)(*j-i,i^-^''^^j,i^-^*j\L'=-^) (208) 

4. The bare action is S'j^(Afe) = S'^ {Ak,^k, (pj^ where 4>kS},{A') ^■^ defined in {170^ and 

S+{Kk, $fe, 4>) =Sl{Kk,<^k,^) + T4(Afc, (/.) 

SliKk, ^kA) =y - QkHl, + \\m\l^, + \likml, (209) 

1 „ 1 



Vk{Kk,^) =efeVol(Afc) + ^^ik\\4>''\\^, + -,\k / 



2^ " * 4 



5. Ek{Ak) = £'fc(Afc,0j, J7(A')) '^'^^ main corrections to the bare action and have the local struc- 
ture 

EkiAk)= (210) 

xeVk,xcAk 

The functionals Ek{X, (j)^ 0(A*)) ^'^^ restrictions of functionals Ek{X, (p) analytic m (/> e TZk{Ak) 
and satisfying there for (3 < j ~ lOe 

\Ek{X)\ < X^^e-"'^'''^^^ (211) 
They are identical with the global small field functions Ek (A", 0) of part I. 
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6. ii^^'^) ~ ^fe n(-'^*^' '^'^) ^ ^^^y i"G''^o.'iiT'der and has the local structure 

%n(A^)= E %n(^) (212) 

xeVk,xcAk 

The function i?^ n("'^' analytic in Vk{^k, 2(5), a?i(i satisfies there for a fixed integer no > 4; 

l^fe,n(^)l ^ A^°e"'"^*^(^) (213) 

7. T/ie active boundary term has the form Bi^jjlAk) — Bf^jj{Ak;^i^fi,Wf^jj). It has the local 
expansion 

5.,n(Afc)- E Bk.TliX) (214) 

X£Vk{ mod 0^),X#Afc,J>s:cni 

T/ie function B^^ Yl^^^ f2' ^fc II) '-^ analytic in ^ and for some 

\Wj\<B^ PjL^'^''-^^ onVLj+i-Kj+i (215) 

and satisfies there 

l^fc,n(^)l ^ BoXle-'^'^'"^^' ^""'^ (216) 
for some constant Bq depending on L, M . 

8. The inactive boundary term has the form n^^^-'^i' ' II)' depends on the 
variables only in fii — A^, is analytic in Vf. and h215]) and satisfies there 

\B,j^{Ak-i.Kk)\ < SojAi^Ji - A«| (217) 
In the expression i2Ul\) we have the scaled version for j < k 

(218) 

where rtj,Tlj are $1,11 truncated at the j*'* level. 

9. With (5Afe_i — Afc_i — A^, the unrenormalized action is S'j^'" i^^-^k-i,^ k Vl^'^'k i Aj.)) 
where 4>^ J7(a^ i 0^ As.) defined in \172^ and 

1 1 /■ (219) 

yfc"(A,0) =L--'£fe_iVol(A) + -iVfc-i||</''l|A + ^A, y^(/.4 



(220) 



/n i/ie expression I1201\) we have the scaled version for j < k 
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Remarks. 

1. The functions S'j!"(Afc), _Efe(A/c), i?^, jj(Afc), and -Bfcn(^'^) depend on fields in the current small 
field region Afc and contribute to the next RG transformation. The functions 5^(Aj_i — Aj) 
and BjYi {Aj^i, Aj) do not depend on fields in Afc and do not contribute to the next RG 
transformation. 

i_ 

2. The conditions that Afc be small and that flk < 0(1) A^l are a constraint on how long we can 
iterate the procedure, not on the bare parameters A, fl which are unrestricted. 

The statement that the coupling constants , Afc , iik in Vk are chosen as in part I means that 
they satisfy discrete dynamical equations 

A*A;+i =L'^^J■k + C2Ek + tJ-l{Xk,fJ-k,Ek) (221) 
Afc+i =iAfc 

Ek+i —C^Ek + El{Xk, ^J-k, Ek) 
and they are tuned so that |£fc| < 0(1)A^ and |^a;| < A^^'^. 

The unrenormalized potential V^" differs from the renormalized potential Vj only in that the last 
corrections to the coupling constants are not included. That is we have energy density L^Sk-i 
instead of Sk — L^Sk^i + ■ ■ ■ and mass L'^Hk-i instead of fik = L'^fJ-k-i + ■ ■ • • 

3. With more work we could probably identify the history dependent parts of i?^ jj as boundary 
terms and so get a new Rk independent of 11. We note that in Balaban's models these Rk 
terms get additional contributions from a recycling operation that converts some large field 
contributions back to small field contributions (the "R - operation"). This difficult step is not 
necessary for this model. 

To check that our formula makes sense we need the following: 

Lemma 3.3. The bounds of the characteristic functions C^, jj and Xk{Ak) put the various fields in 
the analyticity domains for £'fc(Afc), i?^, jj(Afc), i?^ jj(Afc), i?^. jj^ (Aj_i, A^) 

Proof. First note that they imply 

<3pfc-iAfe^iL^ on r^fc 

1^,1 <3p,-iA7Yi^('=--'') onf], j = l,...,fc-l (222) 
|$o| <2poA,7'/^L^'= onAo-rii 

These all are enforced by jj except that it only gives that first on flk — Ak- By lemma [01 the 
characteristic function Xfc(Afe) gives a stronger bound on A^. 

The bound on $fe implies |Qf o^A*^^fel — ■^Pk-iX^^iL^ on a neighborhood of rii(A^.), since the 
latter is contained in ilk- Then p33p gives that on A^ 

\KniAi)l \9h,n{Ai)l Kd^kMiA'J ^ '^P'^-^^k-i^ (223) 

But for Afc sufficiently small Cpk-iX'^^^-^ — A^, * ^ so 0^, f^^^.-, S TZk{X) for X C A^,. Thus we are in 
the analyticity region for Ek{Ak)- 
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Similarly for Afe sufficiently small |$fc| < 3pfe_iAj,J'-^ implies for □ C on □ 

\<^k ~ Qk^,^nin)l \9^knin)l \h,nia)\ < Cpk-iX^-{' < k''^' (224) 
Thus we are in VkiO) and hence in Vki-^k) which is the domain for i?^ jj(Afc). 

Next note that (HH]) implies that < ^Pj-i^^J-i^ on L'^^^Qj. Then for an M-cube □ well 

inside L^~HQ,j we have on □ 

\^],L>'-^ ~ <5j'^j,r2(n)(*j,L'=-^)l' \9<l>j.n(n)i^3.L''-')l I<^j,r2(n)(%i'=-^)l 

-1/4 -i-<5 (225) 

The bound says for j = k that e Vk{0,S), and for j < k that $j,L(=~j e ^'^(□,(5) or $j g 
[^^(n, (5)]i-(fc-j) . The same conclusion holds for any □ C L'^^^Sflj, but now involves fields from 
adjacent regions. Thus we are in Also since < we have that \Wj\ < Cw pjL^^^^^^ 

implies \Wj\ < pjL^^^~'^\ Thus we are in the analyticity domain for B^, j^{Kk)- 
The analysis for i?^. -q (Aj_i, Aj) is similar. 

3.4 initial representation 



We begin the proof of theorem 13.11 by showing that the representation holds for fc = 0. We have 
initially 

po($o) = exp ( - 5o+(*o)) = cxp (^-i|19$oll' - - Vo($o)) (226) 

We break into large and small field regions as follows. For each M-cube □ define characteristic 
functions by 

Xo(n,<fo) = nx(l^*o(^)l -^O'l'^o^^)' - V'^'po) (227) 



Then we write with Co(n) = 1 ^ Xo(n) ^'iid with Qo £i union of M cubes 

1= n (Co(n) + xo(n)) = E n Co(n) n xo(n)^ECo(Qo)xo(OS) 



(228) 



Then in Qq the inequalities \d^o\ < pq, |$o| < \ ^^^Po hold at every point, whereas in every cube in 
Qo some inequality is violated at some point. 

Now Qq is an adequate small field region, but for consistency with subsequent steps we shrink it. 
Let Ao = {Qlf^ or Afj Ql* and rewrite as 

l = $]Co,Ao xo(Ao) where Cq.Ao = Co(Qo)xo(QS - Ao) (229) 

Ao Qo-Qo'=t\-'{, 

Juxtaposing this with po and splitting the action on Aq we have 

Po =Y.^oM exp ( - 5o+(A§))xo(Ao)exp ( - S+{Ka)) (230) 

Ao 

This is the representation (|200p if we make the following interpretations. There are no integrals, 
Zq = I, and A_i = = T^^.,^. The functions Eq,Rq,Bq, Bq are all zero. The as yet undefined fields 
'^or2(A*) 'f'o ftiiA"}*) are just $o and S'(^'"(Aq) = S'(^(Aq). We also interpret </'g J7(n) ^ and 
Qo as the identity, and then xo(n) defined in (|227|1 is the same as (j205p . 
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3.5 new small field region 

We have seen that theorem 13.11 is true for fc = 0. To complete the proof we assume it is true for k 
and generate the representation for fc + 1. This wih occupy the rest of the paper. The proof follows 
especially [8]- [T4]. 

To begin insert the expression (|200p for pk into the definition (I198P of Pk+i, and bring the sums 
outside the integral. 

In the current small field region A^, we have limits on the size of ^k- Because of the factor 
exp (— iaL|<l>fc+i — Q^k\^) large $fc+i will also be suppressed in A^. To take advantage of this feature 
we proceed as follows. For any LA/-cube □ in T^'^i^ j, define the characteristic function 



(232) 



xl{a,^k+i,^k) = n x{\^k+iiy) - iQ^k){y)\ < Pk) (231) 

■yen 

Also let Afe be the miion of all LM cubes intersecting A^. Then with Cli^) — ^ ~ xti^) 

1= n aio) + xUa) 

□ cAfc 

= E n n 

-Pfc + iCAfc 

where Pk+i is a union of LAf-cubes. Now given A^ and Pk+i define a new small field region flk+i by 
(See figure [5]) 

n^+i ^ (Ak)'^ - Pt+i or ni^, ^ (Akr-'* U Pt+^ (233) 

Here the *,[\ operations refer to adding or deleting layers of LAf-cubes. In generating ^k_^_i from 
{AkY we add at least 5[rfc+i] layers of LA/-cubes so d{{Aky, ^k+i) > 5[rk+i]LM . This is the required 
separation at this scale. 

Now classify the terms in the sum by the union of iA/-cubes flk+i that they generate and find 

1= J2 CliAk,nk+i)xU^k+i) (234) 
fifc+icA^" 

where 

C«(Afc,f]fc+i)= CUPk+i)xl{{Ak - Pk+i) - ^k+i) (235) 

We have 

|*fc+i -Q$fc| <Pfe on rik+i (236) 

Insert (I234p under the integral sign in our expression. Split the integral over ^k into an integral 
over and an integral over ^fc^n^+i- We define with 

n+ = {n,nk+i)^{ni,--- ,i^k+i) (237) 

the measure 

We also transfer the potential from S+{Ak) to E{Ak) writing -S+ {Ak) + E{Ak) = - S* (Ak) + E+ {Ak) 
where 

E+{Ak) = Ek{Ak) - Vk{Ak) (239) 
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^k+1 



Figure 5: Illustrating i^l^^ = (A^)'^'^* U P^^i- Here fi^^j^ is the region inside the dotted lines. 

Finally moving the integral over ^k^n^+i inside and taking account that iiT^. jj,Cj, jj,C^(Afc, ilfc+i) do 
not depend on ^k,nk+i have the expression: 



yd$fe.n.+iexp(- iaL|$fe+i,i-Q$fe|^^^^) ^^^'^^ 
Xfe(Afe)x^(f^fe+i) exp ( - SUA,) + E+{Ak) + \ni^k) + B, ji{A,)) 



Let us collect the bounds implied by the characteristic functions C^, jjC^(Afe, Qk+i)Xk{Ak)Xki^k+i)- 
Lemma 3.4. The characteristic functions enforce the following bounds: 

l^fel < 3pfc_iAfc!f |a$fe| < 4pfc_iLi on fl, ~ A, (241) 

|$fe| < 2pfcA;'/^ \d<i>k\<3pk on h (242) 

|$fe-+i| < 3pfcA;'/^ |9$fe+i|<4pfe on (243) 

In addition = {Q^k,5nk>^k+i,nk+i) satisfies 

\<^t+i\ < CpkXk'^^ \d<ft+,\<Cpk on nk (244) 

Proof. The characteristic function Cj, jj enforces the bounds (|24ip on — A^ by assumption. The 
function Xfe(Afe) says that for □ C A^ we have € '5fe(n). Then by lemma I5TT] we have on □ the 
bounds |$fc| < 2pfcA^' and \d^k\ < ipk- This gives ([242]) . 
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The first bound in (p42)) and (|236t give |$fc+i| < SpfcAfe ^ on Vlk+i- The second bound follows by 
(|236p as well by the estimate for y,y + Le^ e ^i'^^^'' 

\d^<i>k+i{y)\ ^ L-'\'^k+i{y + Le^) - ^k+i{y)\ 

(245) 

<L-i|(Q$fe)(y + Le^)-0$fe(y)|+L-i2pfe <3pfc + L-i2pfe <4pfe 

Thus is estabhshed. 

For (Pil)) note that ([MT]) . (1^1^ imply that |$fc| < Cpk\^ and |9$fe| < Cpfc on r2fe. Hence Q^k 
satisfies the same bounds on 6flk, as does $^+1 on ^k+i- The remaining issue is when a derivative 
crosses the boundary of ^Ik+i- This is handled as follows. Suppose y G ^^^'^^^ and y + Le^ G il^'^^'. 
Then 



{d^n+M =L-H>i>k+i{y + Le,)-{Q'^>u){y) 



The first term is bounded by Cpk by (|236p and the second term is bounded by Cpk by the bound on 
d<^k- This completes the proof. 

3.6 an approximate minimizer 

The two quadratic terms in the exponents in (j240p can be identified as 

Jl,,a.,S^k,^k+i.^u.ct>^^^,J^~\^^^^^ (247) 

defined previously in (1871) . 

We want to find the minimizer of this functional in the variable in ^^.^fc+i ■ This is not the standard 
setup because the action is restricted to A^, but it is a problem we have anticipated. Instead we use 
an approximate minimizer, namely the minimizer for the full problem on 

={n{Kl),^k+i) (248) 
By lemma [2731 the minimum in <&fe,Ofc+i for that problem comes at 

where 0°^^^ j-j/ is defined in (1551) . Recalling that 0^ J1(a*.) ~ J1(A*)('5to H(A')^'^-' minimizer in 
(f) is more precisely characterized as (f)^^^^ j-j' — fe+i $7') ^^^'"S 

^k+i,^l' = ([Q?o,j|(A.)*fe]o^+,,$.+i,a.+,) (250) 

If fc = then the minimizer in ^o.Oi is just 5*0, r2i — 4>i Oi as a separate calculation reveals. 
Inserting -^ksik+ii^') into Q^^.J^CA*)**^ ^ives 

^^n' ^ {\Ql,niAi)'^'^^^u. ' (^')) (251) 

Note that ^^.^-^^ j^' and ^Pj, j-j' now include boundary fields in r2i(A^)'^. This is a different convention 
from chapter [5] where such fields were treated separately. The identity 



35 



holds by lemma [^751 (The fields in are just spectators in the proof of this identity.) 

Now expand J^^ ^^^^(Afc) around the minimizer inserting $fe,Oi.+i = ^'fc.sifc+i (J^') + Z. Using the 
identity (|252p this entails 



(253) 



Here Z is a function on the unit lattice and as before 



Lemma [2751 is applicable here and so[l 



Z)+Ri^^ 



(255) 



where 



(256) 



The function n ^^^^ because Z is localized in flk+i, and Z^, J7(a.') is evaluated on A^, and 
the operator connecting these distant sets, namely Gf^fii^/^ty has an exponentially decaying kernel. 
Furthermore has a local expansion. However we postpone the demonstration of such facts to 

section 13.131 

The idea is now to make the substitutions (|253p in the integral (|240p and then integrate over Z 
instead of ^k.Uk+i i taking advantage of ([255|). This substitution is not completely satisfactory because 
when it appears in the characteristic function it will introduce non-local non-analytic dependence on 
^k+i everywhere inside A^. This we want to avoid. Instead we replace it by a more local version. 

3.7 a better approximation 

To develop the more local version we introduce some definitions. In q' we have the propagator 
^fe+i fl'' ^ weakened propagator G"^^ Jl''-^) defined as in section [275] Here s — {s\j} is a collection 
of variables indexed by cubes □ associated with SI', that is □ C Sfl'^ is an L^^'-' M cube, and in 
particular □ is an LM cube in ^k+i- This gives a more local field 

K^.^n'^^) = GU^n'^s)[L'^Ql^^^^^^^^^^ (257) 
with j^' defined in (j250p . Then define a more local minimizer by 



" Because of the restriction to the substitution ij, ~ k f2' ~^ ^'^ ^^'^ same as the expected Sj, 

(*fc,Afc-f2fc+i.*fc,nfc+i(S^') + ^)- The restriction also allows us to replace *j.^i f2' by in S'*:^\(At.). 



36 



Next let □ be an LM cube in r^fe+i, and let □* be the same with [rfc+i] layers of LM cubes added. 
We define 

which has no coupling outside of □*. This does not depend on the full extent of Vl' \ we could as well 
take r2+ here. Similarly define (jP^^^^,{U*) and *fc,n,,^, (fl', □*). Then we define a more localized 

field (rZ', x) to be equal to '^};s-i^^^{^' , n*,a;) for x G n □. This can also be written 

E ln*Mw(f^''°*) (260) 

with the spectator fields present this gives 

*!:h' - ([Q?o,f2(^.)*.]a|,„*rn.,,(n')) (26f) 
Now make the change of variables 

=*)°?2,+,(0') + ^ (262) 
With the spectator fields present this says that 

+ (°' ^) = + (°' ^) + (°' (^')) 

Then we have as a modification of (|253p 

<^fc.O(A-) =<^"+i,f2' +2fc,0(A-) +^<^fc,f2' 



(263) 



(264) 



We will see eventually that 5"^ t.^ik+ii^') and (5(/>^. j-j' are tiny. 

Now we make the substitutions ([262]), (|263p . p64p in ([240]). and integrate over Z instead of ^k.rik+i 
Instead of and taking advantage of pSSp we have 

=Jk,n.,. ($.-+1, + (0, + ^^.f^(AJ)) + <o.„. (265) 



n 



(2) 

Here the first equality defines R-rr ■ We also have 



+1 

(3) 



(^^' + ^^^.^iK) + ^Kn') =Ki^^^<PU^n' + 2,,j,(^.)) + R'^^^^^^ (266) 

(3) 

which defines R-w-J ^ ■ The characteristic functions in il/^+i now have the form 



(267) 
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We introduce the abbreviations 



Bfc,n(A.) =i?,,n(Afe- *.,nno|,, > ^To.,, (f^') + ^, W^fc,n) 



(268) 



We also write = n(Afc); a-nd then tiny terms are collected in 



p(<3)) _ p(0) 

Making all these changes (|240p becomes 



(1) 



(2) 



R 



(3) 

n,nfc+i 



(269) 



Pfc+i($fe+i) = ZfeAA 1 1 ^ 



exp 



z 



(270) 



exp(^ii;+(A,) + i?J|5;)^^^+B,n(Afe 



3.8 fluctuation integral 

In the last expression we have the fluctuation integral with the measure exp(— ^ < Z,C^^,Z >)dZ 
where 



(271) 



(If fc = it is Co,ni = [— A + aL ^Q^ Q]n^)- This is an operator on functions on the unit lattice ^'^^^i- 

1/2 

We would like to make the change of variables Z = C*^ j-j' W^fc which would yield the ultra-local measure 
(detC^/^,)exp(-i||I^fcf )dM^fc. This would move the non-locality into other terms where it is easier 

1/2 

to handle. However non-locality inherent in C f^,Wk is awkward in the characteristic functions since 
it occurs in a non-analytic setting. The problem is similar to the problem of the non-local minimizcr 
and the solution is the same. 

1/2 

We introduce a more local approximation to C defined as follows [TU]. Start with the repre- 
sentation 



C 



1/2 



dr 



-.C 



k.ri'.r 



k,^\r 



(272) 



In appendix [C] we establish that 



k,fl'.r 



Ak,r + a\Ak^rQkGf^ ^1 ^Q^Ak,r 



(273) 
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where 



ak+r 



ak 



-Q^Q 



(274) 



G 



k,n',r 



A + Mfc + [Qlf2(A-)^<5fc,f^(A*)] + [QlBk,rQk] 



Now for < r < oo the Green's function G^, j-j' ^ has random walk expansions just as its extreme 
values and Gj, J7(a*)- We choose a version based on multiscale cubes □ in fl' , just as for 

^fc+if2'' more details see lemma 15751 to follow). Then there is a weakened Greens function 

G^ f2' re's) defined for s = {sn}. Correspondingly we defne 



c'/'{s)=- o' (5) 



(275) 



For □ an LM cube in ilk+i we decouple the [r^+i] enlargement □* from the complement by considering 

Gkn',ri°*) ^ G,j^, ,^{sa, - 1, - 0) (276) 



1 /2 

and we have the associated j-j' ^(D*), CJ^,{D*). 
The local approximation on ^''k^i is 



The difference 



is tiny as we will see. 



□ Cfifc+i 



(277) 



(278) 



We will also see that (G^'3,,)'°'^ is invertible, and we make the change of variables Z = (C^^^,y°'^Wk 



where Wk '■ ^k+i The quadratic form ^ < Z,C^^,Z > becomes 



where 



is tiny. The change of variables also introduces 

loc\ 



-,1/2 



1 



il/2 



-,1/2 



where 



°>detG;/^, -P(<.w; 



OO ^ 



(279) 
(280) 

(281) 
(282) 
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For the last identity see (2.41) in [T^]. This is also tiny. 

We also want to replace '^'^^(C^^^,) by the global determinant det(Cy^). We have 

= det(Cy^)exp(-itr log ( [a,j^^^,^ + ^Q^Q^^^^J + log ( A, + -^Q^C 
A variation of our formula for C^^A/ is 



(283) 



log {i\,niAi) + -^Q^QW^. 

:logafc[/- g'^Q]ofc+i +log(afc +aL"^)[Q^g]o,+, - 4 / [Ak^rQkGi^^' ^QlAk,rW^^ 

Jo 



dr 



(284) 



provided the integral converges. See (3.22) in ^TU] for the derivation. A similar formula holds for 
log ^Afc + -^Q^Q^- Thus the exponent in (|283p can be written 



(285) 



- logofc tr [/ - Q' Q]ae^^ + - log(afc + aL tr [Q' Q]ni^^ 

1 f°° 1 f°° 

- -Ofe j tT[Ak^rQkGi, Q'^^QlAk^r]nk+idr+-alj tr [Ak^rQkGk,rQlAk^r]dr 

But for n C T^^%_j^, tr [Q^Q]n meansE 

tr [Q^Q]nw - tr [QQ^U^+i) = tr [lU^+i^ - \n<'''+^^\ = L-^\n<-^^\ (286) 
and similarly tr [/ - Q'^Q]n = (1 - L-^)\n'^''^. So the first two terms in (^551) are 

i ((1 ~ i-=^) log a, + log(a, + aL^')) ll^^f,) | ^ ^bkl^lf^ I (287) 
The second two terms in (I285D can be written 



/ ( tr [Ak,rQk{G^^^'^^ - Gk,r)QlAk,rh,^, - tr [Ak,rQkGk^rQlAk,rhi^^)dr (288) 
The first term here is defined to be Ryia, ^^'^ second term is ^afe^fcl^^fcij:*!'' | where 

b'k^ J [Ak,rQkGk^rQlAk,r){x,x)dr (289) 
is independent of x. We will see that 6'^ is bounded in k. Therefore we have 

^''^(^iS') = dct(C^/') exp + R'Ss.^J (290) 

where b'^ = bk + alb').. 

We also introduce the Gaussian measure with identity covariance 

dm.+AWk) = (2^)^5lf^Silexp(- i||T^fe||2) dWk (291) 



Keep in mind that for Q C '^i^'^f^_f, we have IfiC^'l = Vol(f2). We prefer to write it in the first form which is scale 
invariant. 
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Normalization factors are rearranged as 

(27r)^l^^i+il = (27r)5lT;i+"-'^l(27r)-5l"^+''l (292) 

The first term contributes to 

Zl+^=U;l^, (2^)5lT°M+N-.l(detCfe)i/2z, (293) 

The second term combines with exp (^5^^ 1^^^ | j to give exp ^|cfc+i|f2jl''''^|^ where Ck+i — ^1' — log27r 
is bounded in k. 

There are still more changes. The field Z^, j^^^^.-j ~ ^kG^^ n{A')^'k ^ becomes 

and SyVj^ j-j' will be tiny. Therefore we can write 

which defines a tiny term RIJ 

n,nfc+i 

Now we rewrite (|270p . The characteristic functions Xk{^k+i),Xk(^k+i) are the same as (|268p . 
except that Z is replaced by (C^^^')'°''W^fc- Now £;^(Afc) stands for E+{Ak,(f>l^^ ^, + Also 

^n^n^. '^fen(^'=) ^^''^ ^^"^ same as before, but with Z replaced by {^^^^'^"'^^k and -Z^J7(a*) 
placed by >V'°^, . AU tiny terms are collected in R^'^^ = + h . (Actually 

parts of R^ ^ are not tiny, but these will eventually end up as boundary terms.) Making all these 
changes (|270p becomes 

Pk+ii^k+i) =z'k+i E /<+i,f2+-^^.,n^..nC,.,nC.'(Afc,i^fe+i) 

exp ( - S*4Mk)) exp {c,+imi"^\) ^^^^^ 
1 d/^a.+,(W-fe)Xfc(Afe) xK^^fc+i)exp (i?+(Afe) + i?^^^^^^ + S,,n(Afe)) 

3.9 estimates 

We collect some estimates on these operators. First we elaborate on the statement that G^, j-j' ^ has 
a random walk expansion. This means repeating the analysis of section [2.51 with some modifications. 
Actually things are a little easier here since we will not need derivatives and bounds will suffice. We 
will be a little more general and consider q+ ^ where $7"'' = (Jl, fife+i) = (fii, . . . , f^fc+i) satisfies 
the minimal separation conditions (|96p and where 

G, 0+ „ = 



k,n\r =\-^ + + „c + [QlBk,rQk\^^^^ ] ' (297) 



The inverse taken with Dirichlet boundary conditions. Instead of theorem 12.21 we have: 
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Lemma 3.5. The Green's function G^ ^ has a random walk expansion 

G.,0+.,. = EG,,n+.,. (298) 

based on multiscale cubes □ for Q,^ . It converges in L? norm for M sufficiently large and yields the 
following bounds. There are constants C (depending on L) and 7 = 0{L^^) so for lS.y C and 
l^yi C 5Q,ji and all r > 

I|1a„G,_j^^.1a^/I|2 < CL-2('=-/)e-^'^f2+(^'^'Vll2 (299) 



Proof. The proof follows the analysis in section [231 see also [10]. First note that 

:Qk+iQk+i 



akQkBk,rQk = ; QkQk 



alaL ^ 



ak + r 



{ak + r){ak + aL ^ + r) 



(300) 



This is bounded below by 0{l)L-^Ql^j^Qk+i for < r < 1 and by 0{l)QlQk for r > 1. It follows 
that for an LM cube □ with □ C ^k+i, a-nd Neumann boundary conditions on □, 



A + flk + 



ak [QlBk,rQk]^^^^ 



> 0{l)[-A + 0{l)L-\ 



(301) 



If G^ ^(Q) is the the inverse of the operator on the left, then 

Il^fe,f2+,.(S)/Il2: II^G^,n+,.(S)/ll2 < C\\fh (302) 
This can be extended to all □ C flk+i- More generally for an L^'^^^^^M cube in □ C 5Vtj we have 

< (303) 
This improves to the local bound for scaled cubes Aj, C 5VLj and A^' C 50,' ^ and |j — j'| < 1 

||U„G, j^+,,(n)lA;/||2 < CL--^'-=\- ''n-''^''\\fh 
L-^'-^^\l^^dG^^^,^^{U)l^.fh <CL-'('^-^')e-''n-^'^''\\fh 



(304) 



To see this for □ C ilfc+i one shows that the bound (I30ip still holds when the left side is replaced by 
e-9=^[. ..Je?-^ for q = 0{L-^). This yields a bound on ||lA„G^.f^+ ^(□)1a;/||2 with a factor e'i<y-y"> 
and one chooses q in the direction — (y — y'). See the appendix E of part I for more details on this 
type of argument. 

The random walk expansion is based on the estimates p04l) as in theorem 12.21 Now estimates are 
all in norms and the bound (|299p follows. This completes the proof. 



Lemma 3.6. 



1. For f : ni% 



k\l ■' 



-,1/2 



(305) 
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C'/' , and {C^'^,Y°' 



are invertible and 



/^l/2 \loc 



<c\\f\\ 



(306) 



Proof. First define D^. j^' ^ = [QkG^, j-j' ^Ql.]o.k+i- This has the kernel for y,y' £ ^^k+i 

Dk,n'Ay^y') =< Ql^v^G^^^-^^QlSy, >=< u^g.^^. ,,ia,, > (307) 

where Aj^, Ay' are unit cubes. By the lemma with j = j' = k + 1 this satisfies 



\D 



fc.Jl'.r 



(308) 



and so < C||/||oo- Combining this with < 0{1){1 + r) ^||/||oo we can estimate 



C 



Ak^r+alAk,rD^^^'^^Ak,r. by \C^^n',rf\ < C{l + r)-^\\f\U This gives IC'/^JI < C||/||, 



The same estimates hold for the weakened versions based on j-j' ^(s). These are denoted 

1/2 

^fcr2'r('^)' ^fc $1' r('^)' ^k ^l'^^^ ^^'^ satisfy the same bounds. Specializing to §□* = l,S(n.)c — 
we get the same bounds for ^(D*) and hence for ^- ^(D*), ^(D*) and Cy^,(n*). The 

bound on (G^^^,y°'' follows from the bound on C^^^AD*). 

The bound on SC^^^, = G]!^' ^ ^G]!ri'^^°'^ follows from a modification of lemma 15751 which says 
for y, ?/' e □ C rjfe+i 



G 



fc.Jl'.r 



(□*)-G 



fc,r2' 



(309) 



This is true since in the random walk expansion for the difference, any path must start in □, exit 
□*, and then return to □. Thus the minimum number of steps is at approximately 2[rfc4_i] and 
this enables us to extract a factor 6^'''°+^. Running through the above argument gives a bound 
KC^'l, - C^/^, (□*))/! < Ge-'''=+i||/||oo which gives the bound on SC^'l,,. This completes the proof 
of part 1. 



1/2 

For part 2, G is invertible since C^, j-2' is invertible and we can write 



^-1/2 ^ ^-1 ^1/2 ^ 
k,Q,' k,Q,' k.Q,' 



G 



1/2 

k.n' 



(310) 



Restricted to Qk+i we have A^, j-j^.^.^ = Ofe + alQkGf,^^j^,^Ql . Since |G^ j-j^^.^/l < G||/||oc follows 
from theorem 12.21 we have 



^k,n + ^Q'Q 



f 



<c\\f\\ 



(311) 



Combined with the bound on G^^^, this yields |G^ fj^-^l — ^11/11 

^1/2 



Finally we write (G V./) = G — 5G^'^, and then the inverse is realized as 



(312) 



n=0 



The convergence and the bound then follow from \G~^^ f\ < G||/||oo and \SGl%f \ < e-'^'^+i 



since we can assume Ge ''''+^ < i. 
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Lemma 3.7. ^jj^ has a local expansion in LM cubes 



^nk..= E <a.,/°) l<,^^^(n)l<C(LM)3e^^- (313) 



Proof. given by (12821) has the local expansion 



ri=l n=l ySD 



From the bounds pOSp and p06p we have 

({^Kn'K%'y%)^y^ ^ iCe-'-''^T¥y\\oo < {Ce-^-^^r (315) 
Summing over y G □ gives the factor [LMY and summing over n gives the result. 

Lemma 3.8. „ has a local expansion in LM cubes 

□ Cfifc + i 

If O C ilk+i — ^^fe+i i/jeK t/ie bound improves to 

Proof. i?2,o,+i g^^^^ ^'^^ ^k,n',r = [QfeGfc_n',.Qfc]f2.+i and Dk^r - [QfeCfc^^Qjln^^, 

the expansion holds with 

1 Z""" / \ 

^nn (0)^-^4 J2{^^'^(^kn'r~D'^,r)Ak,r){y,y)dr (318) 

Since Pfe.r^alh < 0(1)(1 +r)-i and \D^^^, Jy,y') ~ DkAy,y')\ < Ce-^-^f^^^') we have 

<q|Afe,,(5,||2 <C^^^ (319) 

This gives the announced 

If □ C rJ^.+i then for G □ 

l|lA„fe,n',.-G,,.)lA„,/||2<Ce-'-'=+^e-''''f^^^'^'^||/||2 (321) 



This holds since in the random walk expansion for 1^^ Q,' r~ ^k,rj ^A^, any path must start in 

ilj,^.^, pass through and then return to But and ^^^^^ are separated by [rfc+i] layers 

of LM cubes. Thus the minimum number of steps is approximately 2[rfe+i], which allows us to extract 
a factor e~^''+'-. This gives an extra factor of e~^''+^ in the estimate on l-D^, j-j' ^{y,y') ~ Dk,r{y,y')\ 
and hence in the result. 

Similar estimates show that is bounded. 
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3.10 new characteristic functions 

In rik+i the characteristic functions are Hmitations on the field (^') + (^fc^^')'°''W^fe and hence 

on the background field 0°^^^ Jl'^^*) ^'^"^ ^^''^ fluctuation field Wk- This structure is awkward and we 
replace it by separate cleaner characteristic functions for the background and fluctuation. 

Anticipating that the term exp(— S'^^-^(Afc)) in ()296p suppresses large fields, we introduce for each 
LM cube □ well inside ilk+i, the characteristic function Xk+ii^) enforcing the inequalities in □: 



\<+inUB^\^P^+^^^'' (322) 



Here Jl+fD) has fc + 1 layers and (h° „+ = 0° „+ (Q^ ^fe+i) as defined in ^5l. Cafl 

^ ^ ^fc+i,r2+(n) ^fc+i,r2+(n)^^Ti, +^ ^ — ' 

functions satisfying ([322]) 5^_|_]^(n), since when we scale later on these will become the inequalities 

defining 5fc+i(n), and Xk+iC^) scale to Xk+i{0). 

Now we write with = 1 - xl+ii^) 

1= n C^i(n) + x^i(n) 



= E n c^i(n) n 



(323) 



= E C°k+iiQk+i)xl+M+i-Qk+i) 



Qk+icnl_ 



Anticipating that the factor exp(— l/2||pyfc|| ^^^^ J in (|296p suppresses large Wk we define 



X)f (□, Wk) = n x(|W^fc(a:)| < Po,k) (324) 



for po,fc < Pk- Then we write with Cf{0) = 1 - Xfc (□) 



1= n cr(n) + x^(n) 

= E n n 

= E Cfc (^fc+i)Xfc (^fe+i - -Rfc+i) 



(325) 



-Rfc+iCfifc-i-i 

Now we have 

1- E C^i(Qfe+i)C(^fe+i)x"fc+i(f^ti-Qfc+i)Xfe(^^fe+i-^fe+i) (326) 

The new large field regions Qk+i, Rk+i generate a new small field region A^+i, also a union of LM 
cubes, defined by 

Afc+i = 17^^+,-(gr+iUi?r+i) or A^.+i = (l]^+i)5*ugr+iUi?|;i (327) 
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We write Qk+i, Rk+i ^k+i and classify the terms in p26p by the A^+i that they generate. Thus 
we have 



where 



1— ^ Cfe+i(rifc+i, Afc+i' 



(328) 



Ck+i{nk+i,Ak+i)^ J2 Ck+i{Qk+iKk{Rk+i)xl+i{^l+i-Qk+i)xk{^k+i-Rk+i) (329) 



The sum is stih restricted by Pk+i C and Q^+i C i^k+i- 

Note that Ck+i{^k+i, -^k+i) enforces that the bounds ([322]) and \Wk\ < Po,k hold on A^'^-^. To 
see this it suffices to show that every term in the sum p29p has this property. But the term with 
Qk+i, Rk+i enforces the bounds (|322p on — Qk+i and the bound \Wk\ < po,k on ilfc+i — Rk+i- 

Since both these sets contain A|,^-^ we have the result. 

We insert ([3281) under the integral sign in (|296p . The sum is now over 



and 



n+ = (n,rjfc+i, Afc+i) = (17i,Ai,..., 17^+1, A^+i) 

Pk+ii^k+i) / d'i>l^^^^^.dW,jjK,jjC,jjCliAk,nk+i)Ck+i{nk+i,Ak+i) 

exp - 5^+1 (Afc)^ exp (ck+i\fll 



(330) 



^(fe) 
'fc+i 



(331) 



dfin,^,{Wk)xk{Ak) xU^k+i)exp(^E+{Ak)+R'gl^^^+B^ jj{Ak)) 



3.11 more estimates 

We collect some estimates for future use. 



3.11.1 bounds on the fluctuation field 

The characteristic functions can now be written 

^fcll C^(Afe,r2fc+i)xfc(Afc) xli^k+i) Cfc+i(fife+i, Afc+i) 



(332) 



The bracketed characteristic functions still enforce the bounds of lemma 13.41 except that the bound 
(I242p on $fc now only holds on A^ — ^k+i since $fc on ftk+i was relabeled. The relabeling does not 
affect any of the remaining bounds. In a slightly weaker from we can summarize them as 



\<i'k\ < CpkX^'^" 
|<ffc+i| <3pfcA,T'^' 



< Cpk 
\d^k+i\<4pk 



on rife - ilk+i 
on f2fe+i 



(333) 
(334) 



as well as 



\^t+i\<CPkXk'^' mt+i\<Cpk on Qk (335) 

Our immediate goal is to get a bound on Wk on its whole domain f2fe+i. We start with: 
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Lemma 3.9. The bracketed characteristic functions in \332\) enforce the following inequalities 
1. For an LM -cube □ C f^fc+i 

-Qfe+i0°^^ <Cpk 

The same bounds hold for (jp^ q^'{^)-< '^^ Jl'(^*) ^^'^ 

'(□ 



on On ^k+i 
on □ 

on □ 



K+i.n' 



2. For □ C rifc+i we have on □ H ^k+i 

The same holds for *fc,o,+, s), *fc,i2,+i (f^', □*) and (f^') a«rf 



(336) 



(337) 



(338) 



(339) 



Proof. Instead of considering 0°^^ f2'(^fc+i^f2') with = {Q^^^ ^^f^^,^^^k,5at,,^k+i,au+i) we 

start with '/'"fe+i f^'(<i';+i f2') where 

We claim that the bounds (1336^ hold for 0°^^ r2'(*^fc+ir2'-'' "^^^^ follows from the bounds on ^f^^ 



by an argument very similar to lemma [321 The differences are that we are considering the pre-scaled 
field '/'IJ.^j^ j-j' and we need the bounds on the basic fields on the larger set Vt'^ = i7i(A^) C ilk- 

Next note that since Q^.^ j-j' is the identity on flk+i and since it is QQ^o JI(A') we have 



k+l 



(341) 



The expression (/ — Q^Q)^k,snk can be written as a function of d^k,snk Using the bound on this 
function it is bounded by Cpk- Therefore we have by (|142p 



i<+i,n'(^.+i,n')-0°+,o'(*:+,,n')i<cp. 



(342) 



Hence the bounds p36l) also hold for 0°^^^ f2'( fc+i fi') claimed. 

This argument holds equally well for the weaked version 0° fi'i^) ^^"^ J7'(^*) ^ special case. 
To bound the difference cfP --,,(□*) — 0° we claim that for y,y' 



(343) 



This is a variation of p4ip with the following observation. In the random walk expansion for this 
expression we start and end in □, and only terms which which exit □* contribute. These paths must 
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have at least [rk+i] steps. Hence we can extract a factor M ll'^fc+il < e ^i-k+i -^i^en estimatmg the 

_ 1 

expansion. With this modification the bound (|337l) follows as in (|142p : here we use e'^^'+^Cpky^^. " < 1. 



The minimizer can be written 



We claim that on □ n ilk+i 

|*fe,o.+,(f^')l < CpkX^'/' Id^k.n.^.m < Cpk 

These follow more or less directly from the bounds p36p . The bound \Q'^(^^k+i ~ Q 
Cpk, implies a bound of the same form on the derivative, since it is defined on a unit lattice. The same 
argument gives bounds on ^k,nk+ii^' , s) and «'fe,f2,+i (^J', □*). The bound l^'S^n^+i (^')l < CptX^^^^ 
follows as well. 

Wc also have by (ISSTj) on □ n ^k+i 



(344) 



(345) 



fc+i,r2' 



< 



in') 



K+i.n' 



aL 



flfe + aL 



(346) 



This implies the bound on ^-Jj^^j^^^ (fj') - ^k,n,+i{n') 

Finally we need the bound |9*S°^. < Cpk- There is a potential problem here when the 



(k) 

derivative crosses the boundary of a cube □. Suppose Di, ^2 are adjacent cubes and x e □inilj.^l^ and 



X + e Da n n):^^. We need to show I'Sks^,^^ {n',D*2,x + e^) - 'i'k,n,+, i^', , a;)| < Cpk- However 
just as in one can show \^k,nt+iin' ,Ol,x) - '^k^fik+ii^' ^^2^^)\ < e"''''+i. This reduces the 

estimate to \d'^k,nk+i (^'j ^21^)1 — ^Pk, which we know since we control this derivative on 



Lemma 3.10. The bracketed characteristic functions in 11332^) enforce the inequality on ^k+i 

\Wk\< Cpk (347) 



Remark. A bound with CpkXi. " is easy. The issue is to eliminate the A^^ 



Proof. First note that xti^k+i) is now saying that on ilk+i 



By (p39| this implies 



^k+i - o(*fc,o.+,(f^') + ic'j^^'y°''Wk 

However p44p can be rearranged to say 



< Pk 



< 2pk 



<i>k+i-Q^k,n,^An')^ 



a-k 



ak + aL 2 

This is bounded by Cpk by p36p . Thus we have on flk+i 

|Q(C^^^O'°'W^fe| < Cpk 



i^k+i-Qk+icj^l^^^,) 



(348) 
(349) 

(350) 
(351) 
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We supplement this with a bound on d{C^''^,Y°'^Wk- For this we look to the bounds of Xfe(^ 



k+lj 



which say that (*fc,A-n, , *i°n,^^ (^2') + (C^:'j^O'°''T^) is in5fe(n) for any □ C flk+i- By lemma ESI this 
implies that on □ n fifc+i 

,ioc ('o'^ _L ^locTI/| ^ r,^, \-3 lafiii^oc (rt'\ ^ (c'^l'^ ^l' 



By the previous lemma ^'S^o^,^^ (J^') alone satisfies these bounds with constants CpfcAj, " , Cpfc. There- 
fore on f2fc+i 

\{C]^l^t'Wu\<Cvu\l^'^ < Cpfc (353) 

Now by psip and the second bound in p53p we have 

K^i/^^yoc^^l < - g(c;/^,)'°'w^fel + IQ(c;/^,)'°'w^fel < (354) 

Finally the bound on Wk follows from this result and p06p which gives 

'^'^1= <C||(CyA')'°'VKfc||oo<Cpfc (355) 



This completes the proof. 



3.11.2 redundant characteristic functions 

Now write the characteristic functions as 

C,n C,«(A,,f]fc+i)xfc(Afc- A-J x^(f^fc+i - A*;i)Cfc+i(r!fe+i,Afe+i)]xfe(A*;i) (356) 

The bracketed characteristic functions here still enforce the bounds p33l) . p34p . Indeed the bounds 
on $fc on (5rifc and $a;+i on fifc+i - A^!j_;^ are unaffected by the loss of Xk{^V+\) ^'^'^ ^^^^ 

new Cfc+i(f7fe+i, Afe_|_i) supplies the even stronger bounds on A^^j^: 

|$fc+i| < 2pfe+iA^+\L-5 < 3pfc+iL-i (357) 

We want to show that the last two characteristic functions in p56p are redundant. But first we 
show that the remaining terms in the bracket have no dependence on Wk in A^+i This is an important 
simplification for our fluctuation integral. 

Lemma 3.11. Xk[,^k - ^*k+\) Xfe(^fe+i ~ ^fe+i) '^oes not depend on Wk in Kk+i- 

Proof. The Green's function G^, j-j' ,,(□*) only connects points in □*, thus G^, j-j' ^(D*)/ on □ only 

depends on / on □*. Hence G^p,,(n*)/ on □ only depends on / in □*. It follows that (G^^^,)'°'^/ 
on a set X only depends on / in X* . 

Now xli^k+i - Ar+i) depends on {C]/^,)'°'Wk in (A^+i)" and so on Wk in {{KT+iYT C 
{hl+iY C h^+x- The function Xfe(Afc - Kl*_^^) also depends on {C]^li')^°''Wk in (A^^J^ but also 
on f2(n)((C'y^')'°'^^fc) □ for □ C A/j — ^k+i- ^y a similar argument this depends on Wk on 
{{KXiY)** C A^+i. This completes the proof. 

Next a preliminary result: 
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Lemma 3.12. The bracketed characteristic Junctions in h356\) enforce the following inequalities 



1. For an LAI -cube □ in ^f.^i we have on □ 



(358) 



2. For an M cubesU inn\^^ ^s^'?^fc"n(n) " '^fc,r2(a)(^To,fJ(n)*'='f^'=+i "^^'^^ (^-^^ replace ^k^n^^^ 
with the minimizer) . Then on □ 



Proof. Straightforward estimates would give an unwanted factor A^,^-,^ so we must take another path. 
First we note that we can replace 0^^^ ^, = 0°^^ Q,''^^ k+i.Q,') Q, = "^^fc+i ^'(O, "^fe+i). This 

is so since the difference ^f^^^ — (0, $fc+i,Ofc+i) is locahzed in fi^^^ and so is [r^+i] LAf-cubes away 
from Thus a straightforward estimate generates a factor e~'"''+i which is enough to dominate a 

Aj^.^-^ and an M 2 . 

Next we use the representation developed in lemma [5TT1 now in the prescaled version. Let Aj, be 
an L-cube in □. Then for x in a neighborhood of as in p83p : 



+ [l-M.G«^,j,.C^-l](x)$.+,(y) 



(360) 



As in lemma [XT] we can use the bound p57p on 9$fe+i to estimate the the first term in p60p by 



J/ 



<E^^^^"'"''°''"''VvQ;,,.(^/$,+r-$.+r(.))ll 
J/' 



(361) 



J/' 



<°' ' {d{y,y') + l)pk+i<Cpk+i 



We need a smaller constant here. This occurs in terms coming from Ay/ not in D"^. This is because 
in the random walk expansion the Green's functions must have at least one step to get from □ to D"^^. 
This enables us to extract a factor M~2 without spoiling the convergence of the expansion. Thus we 
get the bounds CM^2p^._^j^, The same works for an estimate on these distant terms in ^^^j^ q'- 

Now consider terms with Aj, C D^^. In this case the difference of the two first terms in ([360]) is 
E [{^1, n\o, G°,^,,f2>I+i^-^a.+i(lA„,(<i>.+i - ^k+iiy)))] (.) (362) 

This reduces the problem to an estimate on the difference of the Green's functions. We claim that for 
y,y' gD~^ 

|lA„K,f|.(n,-G°^,J^>A„J|<CM-ie-°«^--^^^^^^^^ (363) 
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This is so since [G" „ , 1 ^ and [G" ^,1 ^ agree on a set containing D"^^. Thus in a random walk 

expansion connecting points in D""^ they have the same leading term which cancels. The remaining 
terms have more than one step and supply the factor M~2. Again we have a bound CM~^ pk+i, 
Finally consider the difference of the last two terms in p60p which is 



We can replace the (0, la^+i) here by 1 since the difference is 0{e' 
Then we must estimate 



(364) 

'■'=+1) and is completely negligible. 



fJ-k 



x-<0 _ ^0 



1 



(365) 



Again we first localize in D and then use the estimate p63l) . Then this term is bounded by 

fik{CM ■2pk+i)Xi._^^. Since fik^^^i < we again have the bound CM ■^pk+i- 

This completes the estimate on dP „ , ~ dP ^, . The estimate on the derivatives follows in 

just the same way, now using estimates on the derivatives of the Green's functions. 

The proof of the estimates on 0™f2(n) ^ *^fc r2(A*,)( fc Jl') follows in the same way. Here the 
relevant input is the bounds p38l) on ^'^ jj^.^^ (O'). This completes the proof. 

Lemma 3.13. The bracketed characteristic functions in i356]) enforce 

Xk{KX^)xUK*+i) = 1 (366) 



Proof. To show Xk{K*+i) = 1 we must show that {n') + {C^J^,y°''Wk £ Sk{D) for any M-cube 

□ C A*;i. We argue separately that (C^^^')'°''W^fc G ^SkiO) and that ^-j"^^^^ (fJ') e ^SkiO). 

For the (C^^^')'°''W^fe bounds start with the fact that \Wk\ < Po,k on A^*. Since (Cy^,)'°Wfc on 
A^* depends on Wk on Af" we have on A|* by pOSp 

\{C'J^^>y°'Wk\ < Cpo,k |9(G;/^,)'°'W^fel < Cpo^k (367) 

The second bound follows from the first since we are on a unit lattice. Then (Gpo,fe)^^Pfc(G^^^,)'°'^M^fe 
satisfies the same bounds with only a pk on the right side. By lemma 13.11 for □ C A^* we have 
iCpo,k)-'pkiC'J^^,y°''Wk e CSk{D) or {C'J^^,y°''Wk € Cpo,kPk'MO). But for po < p and Afe 

sufficiently small Gpo,fcPfe ^ — G(— log Afc)^""^ < ^ so we have the result. 

For the (il') bounds recall that for an LM cube □ C A^^-^, $fc+i satisfies the bounds 

(I322p on □. For M sufficiently large CM~ipk+i is smaller than anything on the right side of these 
equations. Thus by p58p we may replace <f>^^^ '^l+i fl' "^^^^ '-' *- ^t+i ^■ 

l^'^fc+i.fl'l (368) 

Next recall that 
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This lets us replace $fc+i — Qfc+i'/'" o' ^fc,f^fc+i(^') ^ Qk(t)^ o' ^^"^ above inequality. Fur- 
thermore in (|252p we have already noted the identity 0°^^^ j-j' = 0^, r2(A')(^fc $7')- Thus the above 
inequalities (I368P become on (A|^j^)~ 

l^'^fe,f2(A*)(*fe,0')l<2Pfc+ii-* (370) 



Now for □ C Ar+i (HMD lets us replace ct^uniAi)i^ ^.n') by '^^^^(D) = <^fc,0(n)(^To,0(n)*^-."^+i (^')) 
for A/ sufficiently large, and so on □ 

I^Cn(n)l^3pfc+iL-i (371) 

Since A^^;^ < ''^fc ^ < (1 +logL)^p/c this says that ^^^^^^^(ri') € jSk{^) for L sufficiently 

large. But \^>'°^^^^^{n') - ^>u^n,^,{n')\ < e^^^^ from mi- Hence ^'^^.^.(f^') ^ 5'5fe(n)- This 
completes the proof that Xki^lXi) — 1- 

Now we show xK^fc+i) = 1' ^^at is we show that on □ C A^^j^ 

- Q(vl/i-^^_^^(f2') + (C;g)'-W^) I < pfc (372) 

By p39)) and ((367)) this reduces to showing that \^k+i ~ Q*fc,o,+i (fi')! < ^Pk- This follows by (|350l) 
and then ((MS)) : 

|$fc+i - Q*fe,a,+i(f^')l < l^fc+i - < 2pfc+iL-^ < ^Pfc (373) 

3.11.3 bounds for analyticity domains 

In an expression like i?^, jj(Afc, $fe,Aj.-Ofc+i4'J°j-j' + (^y^')'°'^^fc), we need to know how large we can 
allow the fundamental fields $^,$^+1 to be, and still stay in the region of analyticity 7'fc(Afc,2(5) for 
^k n(^'=)- The following is a result in that direction. The proof is similar to lemma [3. 131 
Define for an iM-cube □ C ^k+i the domain 'P^^i{0, 6) to be all fields satisfying 



l^'^fc+i,0+(n)l<VV'^"^ on □ (374) 

For X C rJfe+i define 

n°+i(^»= n n°+i(n,'5) (375) 



OCX 
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Lemma 3.14. // 

then 

{^k,sn.,^i:n.^A^')) e lv,inl2S) (377) 

Remarks. 

1. On the domain p76p we have 

|$fc| <2A;^"'' on nl-flk+i 
I'&fe+il <2X-}-'l-^ on - (378) 
\'fk+i\<2X;i[''L-^ onnf^. 
We choose p76p because it contains the domain 

k 

K+in^ ^r\^'P',mj.S)]i^-i''-^, np°+i(f^fc+i -^'+i>'5)nn°+i(^^f+i>2<5) (379) 

i=i 

which scales to Vf^^-^ j^'- Note also that Vk{^l., 25) is contained in Vk{^k, 2S). 

2. The domain suffers some shrinkage in fi^ — ^2^^^ need 5 to get 2(5), but not in f2^5|_i ■ The 
shrinkage in fij, ~ i^fc^^ is tolerable since it is not repeated. Shrinkage in might be repeated 
and eventually would lead to problems. 

Proof. For an M-cube □ C nl,we must show that ($fe,5i2fc , *)°o,^, (f^')) ^ i'Pfc(n,25). We 
distinguish several cases. 

(A.) □ C Start by considering a LAf-cube □ C Our assumptions imply that on □ 

(I/M-cube enlargement) 

|*.+i-Q.+i0^^,,,.^^^|, |5<^°^,o-C)l' K^.nUo^\ ^ A,7-Vi (380) 
where dP only depends on ^k+i- We claim that on □ 

K^.-mn, - I^Ci^J^C) - ^ ^^"^ VY'' (381) 

This follows by a variation of the argument leading to p58p . now with the larger bounds p78l) on 
the fields. Since fields and derivatives have the same weight the identities (I360p are not required here. 
The main idea is to split the contribution of $fc+i into a piece not in where the fields individually 
have the claimed bound, and a piece in where the difference of the Green's functions supplies the 
factor M~2. 

Given p81l) . then for M large we can replace ^^^^^ $!+(□) ^■^ '^t+i Jl' P^Op and have on (51^^-^)"" 
|$.+i-Q.+i0",^,_f,^|, \d<t>l^,^^V < 2A-^Y^V^ (382) 
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Now replace |$fc+i - Q/c+i0°^^ \ by the smaller \^k,nk+i{^') - Qk't'l^^ j-j'l and use the identity 
"^fc+i Jl' ~ J7(A*)('^/£ r2') "^tiich still holds with complex fields. This yields on (i^^^j^)"^ 

|*Mw(f^')-Q^c0,,f2(A.)(*,,O')l, |90fe,f2(A.)(*fe,f2')l, \4>,,^iKiPk.n')\ < 2A;+V''^"^ (383) 

The bounds ((5751) imply that < CA^^^^^"^'' and it follows that \■^k,n,^^{^')\ < CX^fi^^" 

on its full domain. Then if □ is an Af-cube in by a variation of p59p we have (again no special 

identity required) on □ (Af-cube enlargement): 

ICf2C) - ^k,niADi^,,n')l I^COC) - d^k.niAi)i^ < CM-^X-J-'' (384) 
Hence for M large we can replace 0^, fj(A*)(^fc ft') '^'k^h(D) P83l) and obtain on □ 

|*.,a.,.(l^')-Q.C^c)l, |9C:^c)l, ICflC)! ^ 3A-^V''i-^ (385) 

The same holds with 4'^, j-j' replaced by and 4Aj,^j^ ^"^L^^ on the right side. But for L large, 

4X'^:}[^^L-i = 4A^:^"^''l-|-2A- < lXl^^^\ Thus we have ^'jj^^fj.+i (^^0) ^ i7'fc(n,25) as required. 

(B.) □ C fife+i - fi^+i. This time we take a more direct approach. The bounds p78p imply that on 
[(ilj,_i_]^)'^]~ (LA/-cube enlargement) we have 10^^^^ < ^-^k+i ^ ■ ^^'^ point here is that the weaker 

bound 0{Xf^^^ ) in flf/^i is offset by a factor 6^''''+^ due to the distance between [(fi^.^]^)'^]~ and 
fi^,^-^. It follows that on [(57^^-^)'^]~ n flk+i we have 

\^k,n,^^in')\<CX-J-' (386) 

Let □ be an A/-cube in ^k+^-nl^^, and now 0™^^^ = ^^^Op) (QTo,n(n) (^^^^^^^^ ' ("'))) • 

We claim that on □ (Af-cube enlargement) 

|*.,o.,,(f2')-Q.Cf2C)l' I^Cflol' ICf^C)! ^^VV' (387) 

For example to bound I'/'^j^^q^I we need a bound on ^'fc,o^^,(0') on n l^fc+i- But this 

is included in the LAf enlargement in ([386]) , assuming L > 2R +1. A bound of the same form 
holds with ^k.n^+^i^') replaced by ^-J"^^ ^{n'). This gives the result since for Afe sufficiently small 

(C.) □ C ilj. — ilfc+i. Argue as in the previous case. Note that now we are trying to prove on □ 

\-^^ - Q^-Cf2C)l' I^Cf2C)l' I^Sol ^ (388) 
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3.12 adjustments 

Consider the definition (|329p of Ck+i{^k+i, ^k+i)- Since A^+i C — Qk+i and A^^+i C ^k+i — 

Rk+i, we can extract xl+ii-^k+i) and Xki-^k+i) from each term in this sum and write 

Ck+ii^k+i,Ak+i) = x°+i(Afe+i)Xfe (Afc+i)4+i(f^fc+i, Afe+i) (389) 

where 

Ck+li^k+l,-Ak+l) 

E C+iiQk+iK^{Rk+i)xl+i{i^l+, - (Qk+i u Ak+i))xki^k+i - {Rk+i u Afc+i)) 

(390) 

Using lemma 13.131 the characteristic functions now have the form 

d,n+ xl+,{Ak+i)XkiAk+i) (391) 
where CO^^ j^+ = C, jj C°k+i.A..n,+,A.+i 

C^i,A„n.+„A.+, ^Cl{AkMk+i)Xk{Ak - All,)xUnk+i - All,)C'k+,{nk+i, Ak+i) (392) 

Then C^_^_i q^^^ does not depend on ^j^^i ■ The function C"^^ -|-|-+ enforces on — flk+i 
(due to Xk{Ak - A*; J) 

\<^k\<2pk\~' |9$fc|<3pfe (393) 
and on O^+i - A^+i by and ((M7)) 

|$fc+i| < BpfcA^'/^ |a$fc+i|<4pfe \Wk\<Cpk (394) 

The function C^^^^ ■|-|-+ wih be ^ -|-|-+ scaled down and the bounds ([3931) , (094]) scale to the required 

bounds (Pn5)) . (pn7)) for fc + 1, provided > C. 

In the expression p3ip for Pk+i{^k+i) we split the fluctuation measure by 

dt^n.^AWk) = d^in,^,^A,^,iWk) d^iA,^,{Wk) (395) 

With the flrst factor we form dW^^^^j^ = dWj^jj dfiUk+i-Ak+ii^k)- For the second factor we 
introduce the probability measure 

d^^l,^AWk) = (AA^A,^J-ixr(A.+i)dAiA.+,(W^fe) (396) 

Since the measure is a product over sites in A^.'^j^, the normalization factor can be written 

A/^A.+i = / Xk{Ak+i)dtiA,,AWk) = exp{-el\Ai%\) = exp(-£°Vol(A,+0) (397) 

This defines e° which is the same as in part I. 
Now p3ip becomes 



n+ 

x"+i(Afe+i)exp ( - Sl'°j^{Ak))E^jj+ 



(398) 
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Here we have defined the fluctuation integral 



(399) 



We further define SE+{X, W) by 

E+ {X, + W) = E+ (X, 0) + 6E+ {X, 0, W) (400) 

This is the same as the definition in part I, but here we have different fields (j) = (jp and W = 

rj'' '^^^ factor E^ [Kk, j-j') does not depend on Wk and can be moved outside the integral. 
Inside the integral we have (5i?j!'(Afc) — SE'^{Ak, 0"^^^ j-jm j-j') and with these adjustments 



"fe,n+ = e^p(-^"Voi(A,+i) + i?+(A,,0;;^^^^,))sl,n+ (401) 

where 

^Ln+ = / '^^A'.+i (^'^^ + ^n.o.+, + ^fe,n(Afc)) (402) 

3.13 localization 

We will be giving a local structure to the fluctuation integral by a cluster expansion. As input to this 
we give localization expansions for the integrand. 

We start with SE^{Ak) = ExcA, ^Ki^)- The function S E+ {X , (f)"^^^ ft'^^k O') depends on 

fl' = «fe'^fc,rj(A-)<3fe (^fc n'^*^) ^' depends on Wk in ah of n[ = f^i(Aj:). We need a 

sharper localization in W^^. 

Lemma 3.15. For i^k.snk^^k+i.n^+i) in \37b]j ( hence satisfying \378{ l), and \Wk\ < B^^pk: 

refo :ycAfc+i 

(403) 

yGl50^,(modn|_^J,y#A, + i 

w/iere 

1. For Y £ T^k+i leading term {SE'^y°'^{Y,(j),Wk) is exactly the global small field expression 
from part I. It depends on 4>,Wk only in Y, is analytic in (j) £ ^T^k o,nd \Wk\ < By^pk and 
satisfies there 

\{5E+)^°'{Y,c^,Wk)\ < 0(l)L3A|"'°'e"^("-2.«-2)'^"'(^) (404) 

2. For Y G I?^._|_j^(mod ^k+i) boundary term _B^^_|_ (Y, $^^50^ , *&fc+i,nfc+i , Wfc) depends on the 
fields only in Y . It is analytic the stated domain and satisfies there 
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Remarks. 

1. The expression "S^.^-^ jj+ terms" will be used repeatedly. It refers to functions localized in 

which are bounded by C\h.^^^ - h.^^l^\ = C Vol(Afc - Afc+i). Local structure is no longer 
important for these terms. 

2. The bounds (ITi^ and ({5751) and 25 < e yield \(t>l^^Q'\ < CX~^~^^ < ^A^^"^' with similar 
bounds on derivatives. Thus 4''^^^^ j-j' is in ^TZk as required. 

Note also that (fT33)) and (1305]) and (|378)) show that W^. j^' = '/'fe n(A-)(^fc''^'^fe) satisfies 
\W^,n'\ ^ C\\Cl/^^,Wk\\oo < CB^pk. 

Proof. (A.) We study 5E+{X,(t),W^^') for e i7^fc. We argue as in lemma 17 of Part I. 
There are two parts 5E^ = SEk — SVk- The potential is supported on cubes □ and has the form 
SVkiD,<j),W^fi') - SVkiD,q^ + W,^^^') ~ 6VkiD,<j,). The bounds < A^^"^' and < CB^,pk 

imply as in part I that |(5Va; (□,(/>, W^, < A| (We had a sharper bound on Wk there, but the 
argument stills holds.) 

Furthermore if |t| < A^^, * we have KW^, < CB^Pk^k " — l^k " • There are similar bounds 
on derivatives and so iW^, q' € ^TZk Thus t — > Ek(X, + iW^, q') is analytic in \t\ < X^^^^ 

have the representation 

SEk {X, = ^ ^(r^^^ ^ + ^^fc.f^') (406) 

Now \Ek{X,(j))\ < x'^e-'^dMix) ^ ^ ^^^gj^ assumption, and hence \6Ek{X, (j),yV,^ ^')\ < 

0{l)Xl^'^e-'"^'"'^^'>. Altogether then 

\SE+iX,4,W^^^')\ < 0(l)Aj"'°'e-«'^-W (407) 

We also reblock to get an element of f-,,; since X C Ak C ilk this means preserving the M 
cubes in 5ilk and replacing M cubes by LM cubes in ^k+i- We define for Y e ^^j^,^^ 

{5Et)'{Y)= i^E+YiX) (408) 

X:X=Y,XcAk 

where for X £ Vk, X is the smallest element of T^^^-^ j-j' containing X. We postpone the estimate on 
this quantity. Then we have 5E+{Ak) = J^Yi^KYiY)- 

(B.) In j-2' we have the propagator Gj, j^^^y.)- This has a random walk expansion based on the 
cubes of r2(A^). It is convenient to use a modification in which we use the cubes of ft' — (f2(A^), ilk+i) 
instead, i.e. we take LM-cubes in ^k+i rather than M cubes. This gives a new random walk expansion, 
but it leads to exactly the same bounds as the expansion of theorem 12.21 This is true since the basic 
estimate on J7(a* ('-') '^^ lemma [Z!6l holds for LM-cubes just as well as M-cubes, and since the fact 
that a cube can have 0{L^) neighbors is already built into the proof of theorem 12.21 

Then we can introduce the propagator Gj^ r2(A*)('^) ^i^h parameters s = {sn} which weaken the 

coupling through multiscale cubes □ in fl' . We also use again the weakened operator G^^^,(s) defined 
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in section Replace W^. j-j' by W^. = ^kG^ fif^j^,^{s)Q'^ (^fc^^' '^^^^ '^^^^ ®P°^^ 

any of our estimates, even if we allow sq to be complex and satisfy |sn| < M2 = eJ^^ . Then we have 
a decoupling expansion 



(409) 



where li € T?*^ f-,, is a multiscale polymer and 



(5i?+)'(r,Yi,0,w^fe) 



dsYi- 



—0,Sy — 1 



(410) 



The function {SE^y{Y,Yi,(f>,Wk) depends on Q',Ak, has fields strictly localized in Yi, and vanishes 
unless Yi C rii(Ap C flk- As in part I we use Cauchy bounds to estimate the derivatives d/dsyi-Y 
for \s\j\ < 1. This gains a factor 6"*^"^"^^ for each D C Yi — Y and gives an overall improvement of 
our bounds, still postponed, by a factor of exp(— (ki — 1)1^1 — ^Ifj')- 

Now for Yi e 2?^^^ ^, define the function {6E+)"{Yi) ^ {6E+)" {Yi, cj), Wk) by 



(SE+riY,)^ Y,{5E+y{Y,Y,) 
yen 



This depends on 17', and we have 



6Et{Ku)^Y.^5Et)"{Y,) 

Yi 



(411) 



(412) 



(C.) Consider terms in (I412p with Yi C A^+i and hence Yi € In this case in the expression (j410l) 

we are evaluating j-^/ (s) with sa^.^^ = 0. In the random walk expansions defining this object only 

paths in A^+i contribute, and these are the same for G^. J7(a.)(s), G^J'^,{s) and the global Gk{s), C].^"^ 

with LM cubes. Hence in this circumstance VVj,j-2'(s) is the same as the global Wk{s) and hence 

5E^{Y, Yi) is the same as the global function of part I. Then {5E^)" iYi) is independent of Jl', A^ and 
is equal to to the global function {5E^y°'^iYi) of part I. 

For Yi C Afe+i we have |Yi — Y|j-j' = |Yi — Y\lm and as in part I this leads to the estimate 

\{5E+y°''{Yi)\ < C)(l)L3;^J-10<^g-L(K-2,.o-2)d^M(l'i) (4^3) 

The sum of these terms in (|412p is the desired expression 

J2 {5Etr'{Y,) (414) 



(D.) Now consider terms in with YlHA^^^ ^ 0. Weaken the coupling in {5E+)"{Yi;4P^^^ f^'' 

by replacing (fp by <ff^ o'('*) where again s = sq is indexed by elementary cubes in f2'. Then 

we have a second decoupling expansion 

{5E+)"{Y,-4>l^^^^,,Wk)^ (<5i?+)"(Yi,Y2;<i>Mo.,$fc+i,a.+,,I^fc) (415) 

12 3^1 
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where for Y2 € P° r.' 



ds 



d 



Y2-Y1 



ds 



Y2-Y1 



(416) 



The function {6E'^)"{Yi,Y2) depends on the fields only in Y2. The derivatives improve our estimates 
by a factor exp(— (ki — l)|l2 — ^^ow define 

{6E+y"{Y2)= Yl {5E+)"{Y,,Y2) (417) 

yiCF2,VinAj^i#0 

then our expression becomes 'Y^YS^^t)'" ^'^) 

(E.) Next we pass from polymers Y2 G ^, to polymers Z e P^+j. We define {5E+)^^'"\Z) = 

(5i;+)(-)(Z,$fc,5n„$fc+i,a,+,,Wfc) by 

(5£;+)(»)(Z)= ^ (^i^+)"'(i2) (418) 

Y.2:Y2=Z 

where now Y2 is the smallest element of containing Y2. The function (i5i?^)(*^^ (Z) vanishes 

unless Z n A^_|_j ^ 0, Z n A/; ^ so we can write our expression as 

{SE+f^^Z) (419) 

zei>o_^i,znA=_^j5^0,znAfc7i0 

(F.) We estimate (SE^)'-^^^ (Z). Collecting all the contributions, and dropping conditions X c Ak and 

^1 n A^_|_-^ ^ and we have 

\{SE^r\z)\< o(i)Ar"^ E E E E 

exp ( - (ki - l)|r2 - Y,\^, - (m - l)|ri - Y\^, - KdM{X)) 

Now MdM{X) > LMd^MiY) since a tree joining the Ad cubes in X will also join the LAd cubes in 
Y G ^fc+i- Thus we can extract a factor exp(— L(k — Ko)'^LM(i^)) leaving exp(— ko'^m(-''^))- Now 

\Y2 - Filo' + \Yi - Y\^, = \Y2 - Y\^, > \Y2 - Fl^' >\Z- Y\lm (421) 

The last step follows since in passing from Y2 — Y to Z — Y we replace each elementary 2^°^^^ j-j' cube 

in I2 — ? by the LM cube containing it, and this cannot increase the number of elementary cubes. 
Then we can extract a factor exp(— (ki/2 — 1)\Z — Y\lm) which for M sufiiciently large is less than 
exp(— i(K; — Ko)\Z — Y\lm)- Now use the inequality from part I : 

\Z-Y\LM + dLM{Y)>dLM{Z) (422) 

to dominate the extracted factors by exp(— Z/(k — Ko)dLM{Z)). Thus we have 

i(<5i;+)(»)(z)i <o(i)Ar"^-^(---)'^-^(^) Y 12 12 H 

Y2:Y2=Z YiCY2YcYi X:X=Y (423) 

exp ( - ^Ki\Y2 - Y\^' - KodMiX)"^ 
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For the sum over Yi we drop connectedness conditions and take 



^ 1 < number of subsets of cubes mY2-Yi <T ^ 'n' (424) 
YCY1CY2 

This is absorbed by replacing ^ki by ^ki in (j423l) . Now use J2y2CZ — Sycz SvaDy Then 

the sum over Y2 is estimated by lemma |D?2] in the appendix (here Y, Y2 are connected and we use LM 
cubes) 

J2 e~3«il^2-^ln' <exp(Ce-5«i|y|f|.) < exp (Ce"*"! |Z|lm) < 0(l)e'*"'(^) (425) 

The second inequality holds since \Y\^' < L^\Z\lm- In the last step we have used the inequality 
\Z\lm < 0{1){1 + dLM{Z)) and suppressed the constants by taking M and hence ki large enough. In 
the final sum Y^vaz Y.X:X=y = Z^xcz ^-^d 

^ ^-KodM(x) < 0(1)1^1^^ ^ 0(1)l3|^|^^^ < 0(l)L3(diM(^) + 1) < 0(l)L3e'^"-^(^' (426) 

Then taking L{k — kq) — 2 > i(K — kq — 2) yields 

|(5£;+)(*")(Z)| < C'(i)i3;^J-i°'e--^('^-''''-2)di,M(z) ^427) 



(G.) Terms in (|419p with Z C AJ:^-^ are the B^^^ y\+ terms in (|403p . These are estimated by 

Z:ZcA^_|_j,ZnAfe#0 

_-LfK-Kn-2~)(ir AffZI ^ ^/l / 1 \ r 3 X T " lOe I A A 

|LM 



o(i)L3Ar'°^ E 



(428) 



where the sum is over LM cubes □. Since |Afe — Afc+ij^M = M ■^|A[,'''^^^ — A^^^^j this is a bound of 
the required form. 

(H.) The remaining terms in (|419p satisfy Zjj=Kk+i and yield the active boundary terms i?*-'^^ terms 

in (|403p . First note that each such Z determines a Z+ e I?°^]^(modS15:_|_]^) by taking the union with 
all connected components of f^^^i are not disjoint from Z, written Z Z+. We define 

^Im(^)= E ('5^^.+ )'^"^^) (429) 

Z#Afc+i,Z+=Y 



fe,n 

Then we have 



E (<5i?+)(™)(^)= E ^Im^^) (430) 



fc n 



To estimate _B''^_|_ {Y) first note that 

dLM{Z) > dLM{Z+, mod ri^+i) (431) 

Indeed let r be a minimal tree joining the cubes in Z of length £{t) = LMd^MiZ). Then t is 
also a tree joining the cubes in Z+ n ftk+i since Z+ n = Z n fifc+i C Z. Hence £{t) > 

LMdiA/(Z+, modfi^^;^) and hence the result. Using this and (|427p gives 

ZcY.Z#Ak+i 



60 



But the sum is bounded by 

oii)\YnAk+i\LM <\Ynfik+i\LM <o{i){dLMiYnnk+i) + i) 

=0{l){dLM(Y, mod + 1) < C'(l)e''""C*'^ '""'^ 

The coefficient of dLM(Y n ^k+i) is then L{k — Kq — 2) — kq — I > L(k — 2kq — 3) and we have the 
result. 

Lemma 3.16. The function R-^ can be written 

(434) 

_ffere i?J°^+ (F, Wfc) anrf (1^, $fc,50fc , <f fc+ijifc+i , M^fc) are strictly localized in the fields. 

They are analytic for $^,$^+1 in the domain |5'76| ) and \Wk\ < B^^pu- On this domain they sat- 
isfy 



Proof. The function {^k) has many parts, which we consider one by one. 

The term — Rj^ jj(Aa;). This original term after the change of variables has the form 

^fc,n(Afe)- E ^fc,n(^'*Mo.,*i°?2,+,(f^') + (cy^0'°'w^fc) (436) 

Our hypotheses on the fields and lemma IXTil imply that ($fe^5n^ , ^f)"^^^^ (Jl')) G \'Pk{^^k,25). We 
argue below that \Wk\ < B^pk implies that ($^,50^ , (C^^^O'°''W^fe) G ^7'fe(Afc, 2(5). Then the sum is 
in Vki^k, 2^), hence we are in the analyticity domain for R^, n(^), and hence 

l^fe,n(^)l < Xl'e-'"^'''^^^^ (437) 

For the missing piece let {C]/^,f°''Wk. By the bound \Wl,\ < Cpk- Then for □ C 

we have - cl>^ f^{a){W^)\, |9</>,,0(n)(W^fc)l' and bounded by Cpk- Since Cp^ < 



iA^ ^ this gives VF^ e ^^-(n, 25). If □ C Afe - fll^^ argue as in parts (B.), (C.) of lemmalSHto 



obtain ($fc,5nfc, W^fc) e 57'/c(n, 2(5). Altogether then we have i^k^sn,,Wl^) G ^^'^(Afe, 2(5). 
Now reblock as in BPgl) defining for F G I?° „, 

\n(^)= E ^..n(^) (438) 

X:X=Y.XcAk 

Then i?,_n(Afe) = Ey^l,n('^)- 

We localize further as follows. Again introduce parameters s = {s\j} indexed by the cubes of Jl'. 
Referring to the definitions in section [3771 for an LM cube □ in ftk+i we replace G|J^^^/(n*) = 
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= = ^) normal coupling in □* by G°^_^^ fi'^^*' = f2' ' = 0) 

with weakened coupling inside □*. Correspondingly we replace (fP^^^ ^,{0*) by 0°^^ j-^, (□*, s), we 

replace M/fc,a,^, (O', □*) by ^SJk.n,^jn\n*,s), and we replace ^'^a^iS^') (f^', «)• Also 

referring to the definitions in section \3M we replace Gj. fj' ^(n*) by j^' ^(□*,s) with weakened 

coupling inside □*, we replace G^, q' ^(D*) by G^, q' ^{D*,s), we replace G^''^,(n*) by C^^^,{0*,s), 

and we replace (G^''^/)'°'^ by (G^''^,)'°'^(s). None of these changes affect the bounds on the fields, even 

for |sn| <e«i. Finally instead of i?; $fc,5o. , (^^0 + (G^'''^,)'°'W^fe) we introduce 

R[u(Y,s) = R,u{Y^<fkjn,,^tn,+,{n',s) + (G;^/^0'°'(s)W^fc) (439) 
Now make a decoupling expansion as in the previous lemma. We have 
^L.n(^'*Mo.,*)°n,^,(f^') + iC'Jn'y°'Wk) = {Rk,u^nY,Y^,<fkjn,,^k+i.n,^,,Wk) (440) 

YiDY 

where for Yi e 2?° 

kfen(^-^)l (441) 

depends on the indicated fields only in Y\. Note that in this case only terms with Y\ C contribute 
because of the sharper localization. Again using Cauchy bounds on the derivatives, we improve our 
estimates by a factor exp(— (ki — 1)1^1 — ^Ij7')- 
Next define 

YcYx 

and then i?^ n(Afe) — X^Yi n^'-^^''' reblock to Z e T^'k^i defining 

yi:V'l=Z 

and then 

^fe,n(A^)= E ^IV(^) (^^^) 

ZnAfc#0 



Collecting our estimates we have 

ii?;;;n+(^)i< E E E ^^v[^-{^i-mi-y\^-^dM{X)) ^^^^^ 

Yx:Yx = Z YcYxX:X=Y 

This is estimated just as in part (F.) of the previous lemma, except that now there is just a sum over 
Y\ instead of Yi , F2 • The result is 

|i?^"j^+(Z)| < O(l)L3;^^0g-L(«:-K0-2)dz,M(Z) (445) 

Finally in (j444p divide the terms into three classes as in the previous lemma. Terms with Y C A^+i 

contribute to _R'°E_,, . Terms with Y C Af,, , are the B, , tt+ terms, and have the correct bounds 
fc.il fe+141 
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as before. Terms with Y^K^+i the boundary terms. We adjoin connected components of as 
before, and get a contribution to B^^^^{Y). 

The term We have = ExcA. ^n^n.,,(^) -here for X e V, 

(^) = ^tiX. 0°^,,^, + W-^, + <5<^,,j,0 - + Kh) (447) 

Our field bounds imply dP + W^^^' ^ ^"T^fc- They also imply, arguing as in lemma that 

|<5'I'fe,Ofc+i(J^')l < e~''~'=+i which yields the bound on Afc: 

= l<^fe,f2(A*)(0''5*fe.f^.+i(^'))l < Ce-'-'^+^ (448) 

with similar bounds on the derivatives. Hence for complex \t\ < e'''=+^ we have tS^ij^ j-j' G ^TZk- Now 
t E^{X, (t>°^^^ ^, + + tS<j)^ is analytic in \t\ < e^''^^ and we can write 

^ i/,.,... (449) 
Using the bound \E+{X)\ < 0{l)X'^:^^'-e-^'^^^'-^^ on TZk, we have (since e^'^^+i = ©(A^) for any n) 

o (^)l ^ C(l)e"''''+'Afei2'e~'"^^'(-^) < X^»e~'"^'"'-^^ (450) 

Now reblock as in pOgl) defining (i?(3))' ^ (F) for F e 2?" o'- Next replace cj)" by 

""""^ ^kh' ^kh'^^^ = ''kG,^^^^jy,j{s)QliiCl^^,y°%s)Wk). Furthermore we replace 
^Kn' by Scl>, n'{s) ^ akG^'f^^^,Js)Ql6'ifk,n,l{n',s) where 5'fk,n,^,{n' , s) = vj,!- (f2', s) ~ 
'J'fc n.. 1 1 (S^', s). Bounds are unaffected and we get a weakened form (i?^'^^)i-r „ (5^, s) analagous to 
(I439P . Finally proceed with the decoupling and reblocking as in (14401) - (14461) and obtain contributions 
to n*' ^^"^ k n"*"^^^ required form. 



The term i?Vr . This is entirely similar to i?VT . We have i?^^ =y.yr^A ^tV (X) 
where 



1 /2 

By the bound ([305]) on ^C^^, we have on A^: 

I'^Wfc.fi'l = «fc|Gfe,0(A-)Qfc(^^;S'W^fc)l < ^^e-^'^+^pfc (452) 

So we can replace <JW^ j-j' by i^W^ j-j' with \t\ < e^''+^ and still stay in the region of analyticity. Hence 
we have the representation 

and the bound 

l^na.+/^)l - C'(l)e"'''+'^fc^^'e-'"^^-^(^) < A^V^'^''^'^^) (454) 
Now reblock, decouple, and reblock again exactly as in the previous case, with the same result. 
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The term . After the change of variables and a locahzation we have 

□ on SAfc 



loc II 2 

□ 



(455) 



E; 



(X) if we say i?W ^x) 



□ on SAfc 
1 

ncA^ 

where the sum is over M-cubes □. Then i?-^^-* 
vanishes for \X\m > 2. 

Now is locahzed in il^+i which is separated from AJ: by at least 5[rfe+i] layers of 

LM-cubes. Thus from the random walk expansion for J7(a*) joining points in A^ and flk+i we can 
extract a factor e~'''=+i. Hence by a variation of (|133l) and have have on (AJ:)"": 

\Kh'\ = kfe,f^(A^)((^;S')'°'^ON ^e-'-'=+HI(C;/^,)'°^M^fe||oo < Ce-'^^+^pfe (456) 

— - — 2(5 

Near i9Afc we are in rife(A^) and as noted previously 1^0°^^ < CAj, . Also |bAfc[90, InW]! < 
M2||50||oo||W||oo. These lead to the bound 



bA. 



loc 



-2(5 



(457) 



Now consider the the term ||q for □ C AJ:. We have 



\\yv]^ll'\\a < M^\\^i°li'\\lo < M^{Ce-''''^'pkf < Xl° (458) 

The term IIQ^. (7(A*)^J°f2'lln i*^ treated similarly. The derivative term needs more attention. For an 
L-{k~j) cube Ay C SiljiAl) n □, by a variation of ([T38ll 



(459) 



Here we have used the fact that because of our separation conditions we have for y e Sn^''\A^) and 

y' e nfl c nf \Ai) 



dn(A-'.)iy^ y') > niax{|fc - j| - 1, o} 



(460) 



Then for M large enough the factor exp{—jjodfi(^j^,-^{y, y')) is enough to dominate the L'^ ^ and give 
convergence of the sum over y' . Now we have as before 



Altogether then 



(461) 
(462) 



Now reblock, decouple, and reblock again as before, with the same result. 
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The term r'^ . First we localize Jt o defined in (1871) . 

□ cOfc + i DcAfc □ 

where the sum is over M-cubes □. For |$fc|, |0|, \d(j)\ < CA^ * we have the bound 

\Jl^^^^^^{a)\<CM^X-J-''' (464) 
Tl-^^<rW.=Sn<,,,^,(n) where 

— - — 2(5 

The hypotheses of the lemma give the fields the CA^, * bound as indicated in earlier steps, and so 
l^n i(°)l - C'^i^K^'^^- However we also know that (J^fc^n^+i (r2') and % are 0(e-''''+i) so 
we can multiply these factors by complex \t\ < e'^'^+^ and still have the same bound. Therefore 

(466) 

which leads to the estimate 

(□)! < CM^Xl'^-^'e-^-"-^ < \l° (467) 
Now reblock, decouple, and reblock again as before, with the same result. 

The term . First write = yinr-o Rri (D) where the sum is over LAf-cubes 

□ and 

Then taking bounds from lemma [3761 and using \Wk \ < B^pk we have 

\C;'^^Wk\ <Cpk 

\SCl^}l'Wk\ <Cpke-'-''+' (469) 



Therefore 



(□)! < Ar'Cpue-"-'^' < Xl" (470) 

^k + l 



Now reblock, decouple, and reblock again as before, with the same result. 
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The term The bounds of lemma 13.71 suffice. These terms contribute to , and 

^fc+i,n+- 

The term R^-ri ^ Take the result R^-ri ^ — Vln^o -Ri?^ (D) of lemma and split into 

□ C Afc+i and □ C , ^. In the former case \R^J^ {D)\ < Xl° by (PT7|) and the terms contribute 

to In the latter case \R^^ (□)! < CM^ ^ C VolfD) and the terms contribute to B, , , tt+- 

This completes the proof. 

Lemma 3.17. 

B.Jli^k) = E b[^^, {Y) + B^^^ ^™ (471) 

ye-DO+,(inodo-^,),y#Afc+i 

where *^fc+i r2+' ^k+i 11+' ^'=-Afc+i) '■^ strictly local in the fields. It is analytic in ^f^j^^ 

in T'^^j^ J-2+ 'w^'^ ^ pjL^^^^^"^ for j = 0, 1, . . . , fc, and satisfies there 

\B^^-^+iX)\ < AJJ^e^"^^''^''''^'^^'*^*^^^' ^'=+1^ (472) 

Remark. The proof is similar to the proof for the first term in lemma I3.16[ except that now there 
are holes which localize spectator variables left over from the early stages of the expansion. 

Proof. We are studying 

S.,n(A^)- E B^,u{x,'^.nnn^,^,^'^tn..^i^') + {C'^^^^^^^^ (473) 

XeVki mod n|),X#Afc 



Our assumptions on the fields and lemma ([XTi)) imply that ^^^^^ ^ , {n') + {Cj^,y°''Wk) e 

Vf. fi- Together with the bounds on Wj this shows that we are in the domain of analyticity for n("'^) 
and have 

l-Sfc,n(^)l ^ SoAf e-'"'*^(^^ "'^^ (474) 
If it happens that X C then there is no dependence on the nonlocal fields (fj') + 

{C^^^,y°'^Wk. Such terms sum up to a contribution to B^^^ ^1+- 
For the remaining terms we reblock to polymers Y G T^k+i 

^;.n(^)= E ^fe,n(^) (475) 

which depends on the same variables. 

The only non-locality in B'^ ^{Y) comes from the 'i'^khk+i (^') + (^1^^'^^°''^^ in Ynnk+i- Hence 
we temporarily treat B'^ n^^-' localized in y H ilk+i- We introduce weakening parameters {«□} for 
elementary cubes □ in fl', replace (O') + {Cl^^,y°^Wk by ^-L"^,^, (fi', s) + (C^'/^,)'°'(s)W^fc 

and call the result B'^ jjO^^ i'^ (|475p this is a sum over certain i?^, n(^' which satisfy (|474p . 
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Now we make the decoupling expansion based on YOilk+i- It is a little different from the previous 
expansions since Y (1 ^k+i is not necessarily connected. We have 

YiD{Ynnk+i) 

Here li is a multiscale object for ft' which may not be connected, but has the property that each 
connected component of Yi contains at least one connected component of Y. We define 

iB,u^nY,Y^) = [ dsy,_^ynn,^,)jr kn(^'*)l , , (^77) 



which depends on the indicated fields only in YUYi. We have made the identifications q+ 
(*fe,rJnn|+i'*fe+i>f2'=+i) ^fe+i,n+ = (W^fe,n'^fe>f2'=+i-Afc+i)- Once again only terms with Y^ C 
i^fe+i contribute here. Using Cauchy bounds we improve our estimate on B'^jiO^j^) by a factor 
exp(-(M - 1)1^1 - (F n nk+i)\fi'). 

Let Yi be all LM cubes intersecting Yi and let Zq — F U Yi. This is connected and hence an 
element of Then let Z = Zq be the union of Zq with any connected components of not 

disjoint with Zq. Then Z G V^_^-^^{modfl'j,_^_-^) and the composite process is denoted Y,Yi — >■ Z. We 
define for such Z 

(\n+)"(^)= E (\u-y(Y,Y,) (478) 

Y,Yi^z, YiD(rnnfe+i) 

and then 

\ni^k)= YI (^;c,n+)"(^) + ^;c+i,n+ ^erms (479) 

zei>o_^i( mod nj_^i),z#Afc,znnfe+i5^0 



Collecting our estimates we have 



^ g-(Ki-i)|n-(i'nOfc+i)lf2' ^ ^- fed Mix, mod n%) (480) 

y,yi^z,yi DYnfifc+i x=Y,Js:nnfc+i#0,x#Afc 

To extract a decay factor first note that for X = F 

dM{X, modCll) > LdLM{Y, modO^+J (481) 

This follows since if r is a minimal tree on the M-cubes in X n with £(r) = MdM{X,modfll.), 
then it is also a tree on the M-cubes in X n fife+i, and hence on the LM cubes in F fl flk+i- So 
^(t) > LMdLM{X, modr2^_,_j^). We also note that 

IFi - (y n nk+i)\^' > lYi - (r n nk+i)\LM (482) 

and we can take this factor with a coefiicient L by borrowing from the Ki — 1. Now we claim that 

LM\Yi - (y n Ofc+i)|iM + LMdLM{Y, mod O^+i) > LMdLuiZ, mod Q^+i) (483) 

To see this let r be a minimal tree on the LM cubes in F n Ofe+i with ^(r) = LMdM{X,m.o6D.k)- 
Let {to} be trees on the LM cubes on the connected components of Yi — (F fl Q.k+i)- Then r joined 
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to the {tq} gives a tree r' with £(t') equal to the right side of (|483|) . See lemma 20 in part I for more 
details. The tree r' is constructed to connect the LM cubes in 

[Y n nk+i) u (Fi - (r n rf^+i)) - (y n Qk+i) u Yi 
D (y u Yi) n r!fe+i - Zo n f7fc+i - z n r!fe+i 

This shows that £{t') > LAId^MiZ, modilfe+i), and hence (|483|) is established. 
By the above remarks our estimate becomes 



y-^ ^-Ki/2|yi-(ynOfc+i)|j-j/ ^ 

Y,Yi^z,YiDYnnk+i x=Y,xnnk+i^<li 



«i/2|Vl-(ynOfc + i)|j-j, g-KodAf(X, mod o^) (485) 



Relax the sum over Y, Yi to just Y C Z,Yi D Y O flk+i- The sum over Yi is estimated by lemma [D^ 
by 

g-«i/2|n-(ynnfc+i)|j^- ^ gCe-'=i/''|FnO, + ikM < 0(^)gdi„(Z, mod O^^,) ^^gg^ 

YiDYnflk + i 

The second Step follows by \Ynflk+i\LM < iZnQk+ilLM < 0(l)(dLM(^, mod ^1^^) + !) as in ((4331) . 
The constants are suppressed by taking M and hence ki sufficiently large. Identifying ^ycz^x=y 
as ^xcz ^^^^ using p5ip the remaining sum is dominated by 

J2 g-«orfM(x,modn^_) <o{l)\Znnk+i\M 
xcz,xnnfc+i#0 (487) 

Thus we obtain for Z#A/j and Z n 17/8+ 1 7^ 

\{B^ jj+)"(Z)| < 0(l)L3SpAf e"-^(''-'="-2)'^^*^(^> ^"'^ "^+1) (488) 

In the sum (I479p consider terms with Z C A^^j^. These are terms for they have the 

proper localization, and the sum of these terms can be estimated by 0{1)L^BqX^ times 

'y ^ g-L(K-Ko-2)£;_LA/(Z, mod Slj^^J 

ZGC° + i( mod 0-^i),Z#A,,ZcA- + i (489) 

<0(l)|Afe-A,+iUM<0(l)|Ai'^+'^-Ai^^+/)| 

Now consider terms in (|Tfg)) with Z#Afe+i. These are the terms (b|^^+)(Z) = (S^n+)"(^)- 
Since also Z^Ak we have Z^fl^+i and so Z must have cubes in flk+i on the boundary and in 
Afe+i, and these are necessarily a distance at least ru+iLM apart. Then any tree joining the LM 
cubes in Z n ^k+i must have length at least rk+iLM. Hence LMdLM{Z, mod ^l^i) > LMrk+i 
and therefore (iLj\/(Z, mod ^k+i) — '^fe+i- We use this to extract a tiny factor e~'"''+i leaving say 

g — L(k — kq — 3)dA/ (Z, mod 

Then for Afc sufficiently small take 0{l)L^BQX^e~'^''+^ < A),'". This is the basic mechanism which 
keeps the boundary terms from growing. Terms which survive many steps must have a large extent 
and hence a tiny value. Altogether then we have the announced bound 

|i?^"^+(Z)| < X>^Og-Li'^-'^f>-^)d-LM{Z, modni^-^^) (490) 

This completes the proof. 
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Summary: We collect the boundary terms by 

K-h- (^) = (^) + (^) + (491) 

Inserting the results of the last three lemmas we have for the fluctuation integral: 

(492) 



^'4'^loc/'"v^^ fx z7'+\loc / 



Here Y e V°^^{modni^^) and {SE+y°''{Y) = {dE+y°''{Y,(f>,Wk) at = 0°^^ It is analytic in 
(j) € ^T^k and < -B,i,Pfc and (relaxing the bounds a bit) satisfies there 

\{6E+y°^Y)\ < C)(i)i3^|-io<^g-L(«-3«o-3)dx,„(v) (493) 

Also (y, VFfc) is analytic in the domain p76p and \Wk\ < B^Pk and satisfies there 

|i?J°^+(r)| < C'(l)i3;^nOg-L(K-3Ko-3)diM(y) (494) 

Also 5jrn+(^'*fe+i,f|+'^fc+i,n+'^'=^A.+J is analytic in the domain € V^+i,n+ and 

\Wj \ < Byj pjL'i^^'^^ and satisfies there 

|S[°Jj+(r)| < C)(l)i3^|-10eg-L(«-3Ko-3)d^„(>'.modn= + ,) (495) 

We can also write 

-k U-= I '^'^A.,, iW,) exp ( ^ iJ^ (^)) (496) 
where the sum is over Y e V^^^imoAVl'f.^i) and 

^.,n-(^)- ((^^A^)'°'(^) + ^rn-(^))i>'cA.+i + ^l';fi+(^)i>'#A'=+i (497) 

This is analytic in the smallest of the three domains which is 

'^k+i,n- ^ K+i,n- l^^ l ^ P^^'^'^'^ (498) 

Furthermore if F C A^+i C ilfc+i then dLAiiY) = (Ilm^Y, mod ^k+i) and so 

|iJ^jj+(y)| < 0(1)1,3 ;^|-10^g-L(/.-3Ko-3)d,,„(F, mod 0-^1) (^gg) 

3.14 cluster expansion 

We want to perform a cluster expansion on the fiuctuation integral S" , and also isolate the most 

important terms which come from {5E+f°''{Y). Accordingly we introduce some variables t, u which 
parametrize the contribution of the other terms and define 



where 



/ rfMl.^, iWk) exp ( i?, n+ (^' ^)) (500) 



^fe,n+(^'"'^) = ((-^^aT + ^ ^lV(^)j^^^^^'+^ ^l-n+(^)i^#A.+, (501) 

We are interested in S" |-j+(l, 1) — S" but start with a more general result: 
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Lemma 3.18. (cluster expansion) For tq ~ 0(X) sufficiently small and \t\ < roL^^\~"^° and \u\ < 



(502) 



where Y G ( mod ri^+i) and -H^^-q+ (^j ""i Y) = H*^_^_ {t, u, Y, (j), ^f^^-^ , W^fe^iU^ ' ) evaluated 
at (j) ^ '^fc+i fl' ■ '^^^ function is analytic in t, u, and in <j) E ^T^k and ^+ , '^f.^iYl+ *^ and 

on this domain it satisfies 

\H*^+{t,u,Y)\ < c)(i)e-i(«-6«o-6)dz,M(F, moda^+i) ^503) 

Proof. Since integrand is well-localized and the measure is ultralocal, we can use the cluster expansion 
with holes which can be found in appendix |F1 now with LAI cubes. In the domain (1498^ . which puts 
Wk in the support of Ma;.^i : have 

\u\ |_B'°'^ +(^)| <0(l)roe~"^^''~^''°~^^''^*^*'^' '""'^ ^''+1^ < Icqb""^''*"'^'^''""^''''^***-^' 

and \{6E+y°''{Y)\ satisfies the same bound for sufficiently small. Thus altogether 

\H^jj+{t,u,Y)\ < coe--^('^-=^'^''-3)''^^-'(^^'"°'*"^+i) (505) 



This is the input for the cluster expansion. The output is the representation (|502p with a bound which 
implies ([5(151) . 

Lemma 3.19. (removal of boundary terms) 

s;:jj,(l,l) = exp( ^ B#jj,(r))s,_n+(1,0) (506) 

with = "^f^n^^^' i^^' ^'^aluated at (f> = j-j' • ^ is analytic in (f> £ 

\'R-k and {4&Sf^ and satisfies there 

\B*-^+{Y)\ < Q(^l')]J' X\-^^^ (^-'L(K.~&K.o^(!>)dLM{Y, mod nl^^) j-QQ-T^j 

Proof. We have 

so the identity holds with B*^+ (Y) = (1, 1, F) - H*^+ (1, 0, Y) or 
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Note that if y C A/^+i then no boundary term '^^^ contribute. This is a consequence of 

the local influence property of the cluster expansion. Hence {l,u,Y) is independent of u and so 
^(F) = 0. Therefore the sum in (|508p is actually over Y^A^^i as claimed. The bound (|503l) 

on (1, u, y) for \u\ = i^qL^^X/^ 4+io« implies that satisfies ()507p . This completes 
the proof. 

Lemma 3.20. (removal of tiny terms) 

s;n.(l,0)=exp( R*^AY))eI^AO,0) (510) 

YcAk + 1 

with ^ R'^Yi+0^i4'j^k+i) evaluated at (p — '/'|!_|_-^ j^' • analytic in (p ^ \T^k cind 

^k+i G ^fe+i(Afe+ii 25) and satisfies there 

\Rf-^+{Y)\ < C'(l)i3A^°e'-^('^~^'^°-6)''^'>^(^) (511) 

Proof. Now we are back to the standard cluster expansion with no holes and all polymers con- 
tained in Afc+i. i?^ JJ+ (t, 0, F) is analytic in \t\ < roL~^X^"'> with the bound (i, 0, y)| < 

CQe^^^'^~^'^°~^^'^^'^'^^\ Therefore iJ* _|_(i, 0,y) is analytic in the same domain with bound 

\H*^+{t,0,Y)\ < C)(i)e-i(«-6«o-6)di,MCi') (512) 

A,', 11 

Now we have 

"fen+(l'0) = '=^P I E {Hf^A^AY)-Hf^AO,0,Y))\Eljj+{0,0) (513) 
so the identity holds with 

The bound (j512|l now implies that satisfies (|51ip . This completes the proof. 

Now we are reduced to S^' (0, 0) which is 

-L'n+^t^'O)^ /'dMU,(W^fe)exp( iSE+y'''{Y,cb,W,)) (515) 

a± (j) ~ (p'^^^^ j-j' . Before the evaluation in (p this is just the quantity considered in part I, except that 
the sum over Y is restricted to A^+i and the measure is restricted to Afc+i. 
Lemma 3.21. (leading terms) 

s;'jj+(0,0) = exp( J2 ^*(^») «^ '^^Ci.J^' (5^6) 

YcAk + i 

where E^fiY^ip) is analytic in \TZk o,nd satisfies there 

\E*{Y,(I>)\ < C)(l)i3^3-10<^g-L(«:-6«:o-6)dx,M(y) (517) 

E'^{Y,(p) is identical with the function constructed in the global small field analysis in part I. 
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Proof. This is again the standard cluster expansion, taking account that {5E^) (Y) in analytic in 
i7^fc and has the bound C'(i)i3;)^|-io^g-L(K-3Ko-3)di.„(i')^ The function E*{Y, (f>) defined here is the 
same as the global definition in part I, even though here we are only summing over polymers in A^+i. 
This is so since by the local influence property and the fact that the are the same. This 

completes the proof. 

Combining the above results yields 

where Ef{Kk+i) = £'f (Afc+i, 0^^^ ^,). Inserting this back into (|492p and (|40ip yields 

^fc,n+ = exp ( - £?.Vol(Afe+i) + E+ (Afe) 

+ E*{Kk+i) + R*^A^k+i) + B*^^{Kk+i) + Vi,n+ te™^ ) 
Finally inserting this back in p98p 

n+ 

X°fc+i(Afc+i) exp ( - 5*;"i(Afc) - £?.Vol(A,+i) + E+{Kk) 
+ E*{Kk+i) + i?*jj+(Afc+i) + B*^_,{Kk+i) + ^fe+i,n+ *™ ) 

3.15 scaling 

We scale and evaluate pk+i{^k+i) = p($fc+i,L)-L"'^"+"-'''^^ where now $fc+i is defined on 
We make the following changes in this expression. This follows the discussion in section 12.21 



(519) 



(520) 



• Identify Z^+i = Zl^^L~'\'^^«^+^-''\/'^ 

• The sum over regions Jl^ = {fli, . . . ,Qk+i) with fij a union of L^^'^^^^AI blocks in T|vi+N_fc 
is relabeled as Lfl^ ~ (Lfli, . . . , Lflk+i) where now fl^ = (f^i, . . . , flk+i) with flj a union of 
2^-(fc+i-j)^j blocks in T^^^^^ ^. -^. Similarly the sum over is replaced by a sum over LA'^ 
and the sum over 11^ is replaced by a sum over LII'''. 

• The fields = (^i.^rii, • • ■ , '&fc+i,(50fc+i) defined on subsets of T^*^,^ which has become 
*Lr2+ ^ (*i,L5f2i,---,^'fc+i,L5nfc+i)- Now make a change of variables replacing ^j,L5n, by 
[^jx]LSn, = [^jMij]L- Then becomes ^q+ j^ = ($i,5ai,L, • ■ • , $fc+i,5afc+i,L)- Further- 
more the measure ^ becomes , o+^- 

• Similarly we make a change of variables in W replacing Wj^LQj-LAj by [Wj,n^^Aj]L- Then 
dW° „ I becomes dW, , , -rT+ • 

• Under these changes x^+ii-^k+i) becomes Xfe+i(Afc+i). Also if we define 

Cfc+l,A^,Ofc + i,Afc + i i^k,Wk,^k+l) = C"+l.LAfc,Lnfc + i,LAfc + i(*fc,L, Wk,L,^k+l,L) (521) 

then C° „ I becomes C, , , -rT+ as defined in (12011) . 
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We have already noted in ([71]) that 0°^^ becomes 0^^-^ ^- More to the point here 

= (522) 
where now 0^^^ = with ^.^^ j^' = ([Q^^^, f^^^.^^^la;;^, , *fe+i,n,+ J. 

As noted earher the action S'^^^(Afc, '^fc+i becomes 

S*4,{LA,,<f^^^^^.^^,4,^^^^^,^^) = 5^+i(A,,a>^^^ (523) 
We spht this as S'^+i(Afe) = 5'^+i(Afc - Afc+i) + 5'^+i(Afe+i) 

In E'^{Ak) = Ek{Kk) — Vfe(Afc) we have the potential T4(Afe, <P'^^^^ ^i)- This becomes 

\4(LA,,0,^^^^, J - ^fe+i(Afe,0,+i,j^') (524) 
and we split this as V^_^^{Kk) = V;"+i(Afc - A^+i) + ^^^^(Afe+i). 

Before scaling Ek{Ku+i,4>l^^ = Y.xev^,x^Ak+i Ek{X, 0°^^ we apply a reblocking oper- 
ation. For Y G I?^.^;^ define 

{BE){Y)^ J2 Eu{X) (525) 

where X is the union of all LM cubes intersecting X. Then Ek{Ak) = J2YcA^^ii^Ek){Y). 
Upon scaling this becomes (since LVk+i ~ 2-'"^-^) 

Ek{LP^k+iA,+,,n',L) = E (^^^)(^''^fc+i,n\L) 

xei5fc+i,xcAfe+i (526) 
E (Si?fc),.-.(A,0,^^f^O 

= (Bi;fe)i-i(Afc+i,0^^^f2O 

The function £'^(Afc+i, i/i"^^ is already reblocked, but otherwise is treated the same way 
Under scaling it becomes 

(iAfe+i.'^fc+i,n',L) ^ (^f )L-(Afc+i,0fc+i,n') (527) 
Similarly R*-^_^{Kk+i,4>\j^^ scales to 

K.LU-^^^^^+^^'^k+l^Vl^L^^k+l.L) = [(i?f)L-i]n+(Afc+l,0fc+i,O''*fc+l) (528) 

Now consider i?^j-|.+ (AA;+i, (/>||^^ fj'' '^fc+i ^fc+i 11+) which is also reblocked, and has the 
local decomposition 

i?#jj,(A,+i)- E ^.V(^) (529) 

yeX)n^i(modO=^,),y#At, + i 
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Upon scaling this becomes 

^^Ln+^^'^'+'' '^'^+1.^^'.^' ^k+i,n\L^ ^k+i,n\L) 

E KlTI^^^^' ^fe+l,^^L) 

rex>o_^i( mod i:,a=^i),F#i:,Afe+i 

XePfe+i( mod n|_|^j),X#Afe+i 
XGl5fc+i( mod a|_|_j),X#Afc+i 

Here we have used that L2?fe+i(mod = 'D^_^_l{nlod LQ'^_^_^). 

Finally consider K^, jj which scales to 



[Kk,L-Au 

k 

n exp (ciPf-'^\ - 5+^"_(,+,_,,(A,_i - A,) + (S^.^-,.+i-„)nXA,-i, A,) 



(531) 



• Collect all the scaled jj+ terms" into a single term B^^^ -q^- (A^, Afe+i) 

With all these changes 

Pfe+i($fe+i) =Zfe+iE / d$j^+.=rfWn+ [^fe,i-i]n n+ 

exp (cfe+i|0^fefi^| - S^+i(Afc - Afc+i) - \4'Vi(Afe - A^+i) + S^^^_n+(Afe' ^^+1)) 
Xfe+i(Afc+i) exp ( - 5,*+i(Afc+i) - elL^Wo\{Kk+i) - V?+i(Afc+i) + {BEk)L-^{Kk+i) 



(532) 



3.16 the RG flow 



Now we show that the coupling constant flow follows the global analysis of part I, even though the effec- 
tive action is localized. To do this we need to process the terms {BEk)L-^ (Afc+i) and {Ef)]^-i (Ak+i). 

First consider a more general case. Let A C ^M+N-k-i^ ^^'^ ^ : A K, and suppose E{A) = 
J2xcA ^i-^) ^itli 4') translation invariant. Following the analysis in part I we make the following 
definitions. If X is small {X G S) then TZE{X) is defined by 

E{X,cl>) = ao{E,X)Vol{X) + a2{E,X) J <j>^ + Y,<^2AE,X) J 4> d^ct> +nE{X,4>) (533) 
where 

If 1 /■ ^ ^^^^^ 

a2,^(S,X)=;^^^ [E2{X,Q-1,x^-xI)-^^-^^E2{X,Q-1,1) 
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The last is independent of the base point x", which we take to be in X. With these choices TZE{X) 
is normahzed for smah sets, that is the function and certain derivatives vanish at zero. If X is large 
then -REiX) = E{X). 

Summing this over X C A we find 



E{K) ^AiE, □)Voi(n) - i ^ ^iA{E, am 

□CA DcA 

-EE ^^AE.a) I ^d^^+J2{nE){x) 



□ CA DCA ^^.3^.^ 



DcA XCA 

where 

eA{E,a)=~ "(^'^) lfiA{E,a) = - J2 »2{E,X) 

acxcA,xes acxcA.xes (^BSQ) 

□cxcA,xe5 

Now if □ is well inside A then X ^ S and AT D □ imply AT C A so we can drop the latter condition 
from the sums. Then £a{E^ D), ij,a{E, □), va,h{E, □) are independent of □ and A and agree with the 
global quantities which are denoted £{E), fJ-{E), v^{E). Furthermore the lattice symmetries imply that 
Vfj,{E) = 0. Then we write 

E{K) = - £(ii;)Vol(A) - \^l{E)U\\l + {nE){X) - ^ {sAiE, □) - e{E))Vo\{a) 

XcA DcA 

E(A'A(£;,n)"Mi?))ii'^lln + EE(^A.M(^'°)-'^/^(^)) / '^•^M'A 

□ cA M DcA 

The last three terms can be treated as boundary terms. Indeed we have 

Yi^AiE,n)~siE))Yoiin) = J2{ E «o(i?,x))voi(n) 

□ cA DcA XeS,XDD.X#A 

= Y ME,x)[ Y voi(n; 

xeS.x#A DcAnx 

= Y ao{E,X)\o\{Kr\X) 
xes.x#A 



(537) 



(538) 



Similarly 



and 



i^(/.A(i?,n)-Mi^))|10|l^^ Y a2,o(^)||0||^nA (539) 
□cA XeS,X#A 

^ ^(^.A,,, (£;,□)- ;.,,(i?)) / 09^0= Y E"2.m(^>^) / 



M DcA XeS,X#A i-i 

we combine the last three terms defining for X ^ S only 



<jy d^cjy (540) 
xnA 



TAE{X,dp)^a^(E,X)Wo\{Kr^X) + a2{E,X)U\\\^J^ + y^a2AE,X) [ ^ d^q) (541) 

JxnA 



Now (|537p becomes 

E{A) = -e(i?)Vol(A) - Imml + E (^^)(^) + E '^A^(^) 



XcA A:#A,Xe5 



(542) 
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Now return to our specific problem. In the exponential in (|532l) we pick out the terms 
- elL^Vo\{A) - V,\,{A) + {BEk)^-^ (A) + {E*)L-^ (A) 
= - (4 + ek)L^Yol{A) - ^L^fikMl - ^LX^ Jj' + iBE,)^-! (A) + iE*)^-! (A) 

evaluated at A = A^+i and (p = 0^+1 fi'- Applying (j542p to the last two terms we have 



(543) 



{BEk)L-^{A) = - e[{BEk)L-^ )Yol{A) - -^I^^iBEk)L-^)\\M\A 
+ (n{BEk)L-^){X)+ n{BEk)L-^{X) 

XgA A'#A 



(544) 



= -Ci{Ek)Vo\{A)-^£2{Ekm\l+Yi^3Ek){X)+ ^ (TA{BEk)i^-.yx) 

XgA x#a 

{E*)l-.{A) = - e((£;f)i-.) Vol(A) - \^^({E*)L-.)m\l 

J2 {n{E*)L-.)ix)+J2 rA{Et)L-^{x) 



XCA X#A (^^^) 

iel -L'sl)yo\{A)-^^,l\ml+J2 mx)+Y. {rA{E*)L-^){X) 

XcA X#A 

Insert these into (|543p and identify the coupling constants at the next level. As in part I these are: 



£k+i —L^Ek + CiEk + el{Xk, f^k, Ek) 

fJ-k+l =L^f^k + ^2Ek + fiki^k:f^k,Ek) (546) 

Xk+i =L\k 

Ek+i =C3Ek + E^Xk, ^ik, Ek) 
Now the terms (|543p can be written: 

- efc+iVol(A) - liik+i\ml - ^Afc+i [ c^^+Y Ek+iiX) + J2 {TA{BEk + E*)l-^){X) 

^ XCA x#A (547) 

= -I4+i(A) + Ek+i{A) + {TA{BEk + E*)l-i) (A) 
still at A = Ak+i and = (t>j^^-^ j^'- We insert this back into (|532p . 

3.17 more adjustments 

We also make some changes in the fields. Currently we have the field 4>f.^i j^'- In the active terms we 
change this to the desired 4>f^^i r2(A* ) defining tiny terms jj+ by 

'S'fc+i (Afc+i , <I>/c+i , (/'fe+i f2' ) =S'fc+i ( Afc+i , $fc+i , <t>k+in(Ai^^)) + ^*k+lji+ 

^fc+i(Afc+i,'^,.+i,f|') -Vfc+i(A,+i,0,^, f^(^.^^)) (548) 

^fc+i(^fc+i''?^fc+i,r2') ^^k+i{Ak+i,'Pk+i.Q.(Ai^^)) +-^I.+i|n+ 



76 



In the inactive terms we change to the field Jl(Afc n^+i Afc+i) "isfiiiing more tiny terms by 



(549) 

where SAk — Ak—Ak+i- With the new arguments we identify S'^j^-^^{Ak+i) = 5'^_|_]^ (Afe+i) + Vfe+i (Afe+i), 
and S+l\{SAk) = Sl+,{SAk) + V^_^,iSAk), and then 

Vi,n+ =[i^fcx-]nexp {ck+i\nlf^\ - S+^\{6Ak) + B^^^jj+{Ak,Ak+i)) (550) 

Now coUect the tiny and boundary terms defining i?*'*-"''^ = [{Rf) ]^-i]yt+ (Ak+i) and S*'^" 
KB*)L-.]^+iAk+i) and = (Ta,^, (Si?fe + )L-0(Afe+i) and 



(0) 

n+ 



, TT+ TT+ + ■ ■ ■ + -tl „ 

fe+1,11^ k+iM^ fe+i,n 
fe+i,n+ k+iM^ fc+i.n+ 



+ 



(551) 



With these changes and (|547p the representation (|532l) becomes 

n+ (552) 
i(Afc+i) exp ( - S+^^{Ak+i) + Ek+iiAk+i) + Rl^^ jj^ + Bl^. jj- 



Xk+i( 



3.18 final localization 

The last expression is in final form except that the terms R* and B* are not properly 

localized and we need to establish some estimates. These are the problems to which we now turn. The 
proofs are very similar to the treatment in section [3. 131 

Lemma 3.22. The function i?* can be written 

K+i.n^^ E ^fe+i,n+W+ E ^I^f,ri+^^^ (553) 

XcAk + i JfeI5fc + i(inodn|^i),X#Afc + i 

The functions R,,, rf+{X,^k+i) md B*''"'^^^^{X,^kT^k+i) depend on the fields only in X, are 
analytic in T^^+i (A^+i, 25) andV^^^ respectively, and on this domain they satisfy 

\Rk+iU+(^)\<Klie-''''"^''^ 

(554) 

|B*;J^^jj+(X)| <C'(l)A'j;^^e-'"^'>-^(^^ 

Proof. Rf,^^ JJ+ has many pieces, which we consider individually. Keep in mind that V^^^^ C 
Vk+i{Ak+i,2S). 

The term R*^°^ ^, . This has the form T^^^a R*''°^ ^+iX) with 

K+i.n+ = )Ln+ (^^' ^L,^k+i,L) at = 0,^^ (555) 
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By lemma [3.201 we know Rf{X,(f),^k+i) is analytic in ^k+i G ^fe+i(AA:+i5 25) and cf) G ^TZk- Hence 
the scaled version (X, 0, $^+1) is analytic in ^k+i G 'Pk+i{^k+ii'2S) and 0^ e jT^/c- Also 

by (|133p $fc+i G T'j.^j^ implies that 10^,^^^ < C-^^^+i with similar bounds on the derivatives. 
Then 0^,^^^ f^' ^ and its derivatives satisfy the same bounds and since 26 < e these are more than 
sufficient to guarantee that 'f'k+ifl' l ^ l'^^- Thus is a correct analyticity domain for 

R*^°^ „+{X). From §1^ and dLM{LX) = dA/(^) we have the bound on this domain 

n+ ^^^1 - C'(l)i^A^°e-^('^-6'=°-6)'^«(^) (556) 
Next localize by introducing the weakened field j^' (s) as before and define 

<°!,n+(^'^) = <tn+(^'^^-+i.f^'(^)'*^+i) (557) 

which has the same bound. Now make a decoupling expansion roughly following the the treatment in 
lemma [5.151 This yields the strictly local expansion in Z G 

with the bound 

^+)'{Z)\ < C)(l)i3y^»Og-L('.-8Ko-8)dM(Z) ^559) 

In the sum (j558D consider terms with Z C A^+i. These terms contribute to R/^^-^ jj+i^)- They 
only depend on $fc+i and so are analytic in 'Pk+i{-^k+i,'^6). We assume that k is sufficiently large 
such that L{k — Bkq — 8) > k. (It suffices for example that k > 16kq + 16). Then the exponent is 
dominated by g~i^dM{Z)^ Furthermore for L sufficiently large and no > 4 

0{l)L^y^' = 0{l)L^--°X'^l, < hll, (560) 

This is why we chose no > 4. This is the basic mechanism which keeps the tiny terms tiny, in spite of 
the growth factor L^. Thus the bound is |(i?*^°j n+)'(^)l < ^Kli^'"''^"^^^ ■ 

Now consider terms in (|558p with Z^Kk+i which contribute to B*''^' +(X). We add connected 

components of ^^+1 disjoint with Z, and resum to polymers X G I?fc_|_i(mod OJ:^-^). Each term 

is a contribution to B*^['l''-^+{X) and is bounded by say 0{l)L^\l° e'^'^''-^''''-'^'^'^"'^^' '""^ "^+1). See 

step (H.) in the proof of lemma [3. 151 for details. Again for n, L sufficiently large this is dominated by 
the required C'(l)A^!j_ie-'='^"(^' "^+1^. 

The terms i?**'^^ We have R*^^^ __i = T^n^A R*'"'^^ „,(□). where □ is an M-cube and 



Again (llBSp implies that 4>i._^i j^' and 4>i.j^i r2(A* ) ^re bounded by C\^.^t^ , also for derivatives. 

Therefore ^ , (□)! < CAPX7.j,'^\ 

Next introduce the abbreviated notation 

^ =<^fc+i.O(A-^j = h+in' - ^k+i,n(Ai^^) (562) 
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-i-2<5 _ 

Then 1^01 < CAj,^j^ e~''''+i on A^+i. This foUows since G/^^^ q^^^, -j and G^^-^^' have random 

walk expansions which only differ outside A^.^-^ which is [rfe+i] steps away from A^^+i. Then the 
representation 

If dt / \ (563) 

yields the bound 



I^I+i n+(°)l - Vi 6-'-'=+^ < XZT (564) 



For decoupling we have to be a little more careful, since there are two different Green's func- 
tions to decouple. First in Scj) in i?*'*-^-* , (□) we replace (l)^,-, 0(\* m </*fcj_i O' by truncated versions 

d,n(A:+,)'d,f2' "^^^^^ G,+i,n(A*+,)'Gfc+i,n' are replaced by 

cAfc+i,x^nA*:^ 

+ (565) 

tr _ \ T 

w:X^oCAfe+i,X^nA*:^j5^0 

Here the random walk is based on r2(A^^]^) in the first case, and on ft' in the second case. The 
condition X^^ n A^;^^ 7^ is appropriate since terms with C A^,^-^ are the same for the two fields 

_ 1 _2<5 

and so cancel. The fields </> *'' o^*. ^''^7*' o' ^^^^ separately satisfy the CX^^_^, e^^''+^ bound. 

Next we weaken the ^l{Al._^_^) fields by introducing parameters s for the fl{Al._^_^) random walk and 
defining 



1 r dt / \ (566) 

^(^^^+^(°'*^+-^..i,f2(A^,.)(^)+^(C.^^'-d,r2(A,,j(^))) 



This also satisfies the bound (j564p . A decoupling expansion in D'^ leads to a sum of terms indexed by 
Y G T^k^i r2(A' )■ resume to terms indexed by Z e Vk+i As before this leads to the representation 

znAfc+i7t0,zcnfc+i 

local in the indicated fields and (the coefficient 3k achieved for M sufficiently large) 

IK+I.n+)'(^)I - omzV^-"''"^'^ (568) 

Next we weaken the ft' field by introducing parameters s for the ft' random walk and defining for 

X e Vk+i 

A decoupling expansion leads to a sum of terms indexed by y G "^k+i ft'' resum to terms indexed 
by Z € 'Dk+i- Then we have 

<:,n-= E (Cn-)"(^,*.,<J>..i) (570) 
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local in the indicated fields and 



„+)"(Z)| < 0(l)A^«Ve-^'^'^"(^) (571) 



Now split the terms into a contribution to R^,^^ n^^"'^-' ^^'^ ^I+f II"'" '■"^•^ ^ previous case. 

For the terms R^^^ U+^^) C'(l)A;'^"J;^e-2«'^«(^) < A^^^e-^'''^^^) 

The terms R*^"^^ _ , , R*^^'' . . Define <j), 6(j) as before. We have the representations for n,X c A^+i 
fe+1,11 fe+1,11 

CV(°)=2^/.,„.„i(i^''«(°.* + '**) ^^^^^ 

which shows these are tiny. Then proceed with the localization and split as before. 

The terms R*^^^ „+, i?*^^' „+ • The term R*^^^ _ , is treated like R*^^^ „+, and R*^^^ „+ is treated 

fe+i,n+' A;+i,n+ fe+i,n+ fe+i,n+' /s+i,n+ 

likei?*^^'„+. 

A difference is that these terms are initially localized in 5Ak = Afc — Afc+i. In this domain 
64> = '/'/j+i J7' ^ '?^fe+i n(\fc sifc+i Afc+i) satisfies \S(f>\ < 0{l)e~^''+^ . This is because the random walk 
expansions for Gf^_^^ and Gf,_^_-^ fl{Ak Qk+i Afc+i) starting in 6Ak only differ outside A^'^-,^, i.e. in A^_(_-^. 
Hence they have at least [vk+i] steps and this gives the tiny factor e~'^''+^. 

Another point is that in the expression for say only paths which stay in Z con- 

tribute. If Z n A/j+i = then the paths must stay in A^_,_j as well as visiting A\_^-^. Hence there are 
no paths contributing to S(j) in this case, from which one can deduce n"^^'^^^ " ^^^^ 

we can 

restrict to Z n A^+i ^ and hence Z^Ak+i- All these terms contribute to 
Lemma 3.23. The function -B*^^ can be written in the form 

^:+i,m= E (^:+i,n+)'(^) (573) 

XeVk+i{ mod Q=_^^),Js:#Afe+i 

where (-S*^^ j-j+)'(X, n"'"'^fe+i n"*"^ depends on the fields only in X, is analytic in 

^k+in^ e P,^^ \W,\< i = 0, 1, . . . (574) 

On i/izs domain it satisfies 

l(^^+i,n+)'WI ^ iBoAf+ie-''<'-(^'-°'^"^+^) (575) 
Proof. ■Q+ has two parts which we consider separately. 

The term 5^"^^ ^+ = [(^*)i-]n+(^fe+i) • ^s has the form 5^°^^ ^+ = ^^^I+Ln^^^) "^'^^ 
the sum over X e ■Dfc+i(mod f2^_|_^), X#Afc+i and 
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evaluated at = 'I'k+i $7'" lemma 13.171 Bf is analytic in the domain € ^Ti-k and (I498p . Hence 
^fe+i n+ analytic in 0^ g ^TZk and (|574p which is the scaling of (|498l) . Furthermore (|574p and 
()133p imply 4>i^fi']^ G -^"^fej hence with = 'Z'^+i Jl' are in the analyticity domain for the func- 
tion. Also from lemma 13.171 since (3 < j — lOe and Afe < Xk+i we have the bound — 

C'(l)L3Af^ie-'^(''-6''''~s)''^'^(-^'™°'^"'fc+i). Since dLMiLX,mod Lfll^^) = dM{X,modni^^) we have 
on ((574)) 

'^r+in+^^^' <0{l)L^Xl^-^e-^^''-^''"-^'>'''"^^^'^°'^"''^+^^ (577) 

To localize we weaken the coupling by again introducing the field fi' (s) where s = {«□} 
is indexed by cubes □ compatible with D,' = (r2(A^.), ilfc+i) and not in X. This includes cubes in 
a connected component of il^^j^ disjoint from X, but not cubes in a connected component of i^^^x 
contained in X . Now define 

= <%-(^'^/.-+i,fi'(-^)''J'fe+i,n-'^.+i,n+) (578) 

which has the same analyticity domain and the same bound. Now make a decoupling expansion similar 
to lemma 13.171 This generates terms indexed by multiscale polymers Y g T^/.^i j^'- These are resumed 
to give terms indexed by polymers Zq € I'fc+i. We take the union with any new connected components 
of i^l-^i to get Z = Zq e 2?fe_|_i(modi7J:.^-^). We then find that 

In estimating this we use the bound 

\Zo-X\m + dM{X, mod > dM{Z, mod ^1^^) (580) 

which is proved as in (|483l) . Using also (|61ip we find that 

K^lS jj+)'(^)| < 0(1)^3 Af+ie~^('^-S'^«-*)'^^-^(^^ """^ < ^BoXl^^e-""^"^^' "^+1^ (581) 

We have assumed i?o is sufficiently large so that 0{1)L^ < jBq 
* (1) 

The term B . This term depends on 

E^iX, c^) EE {BEk + E*)l-i{X, 4>) = (BEk + E*){LX, c^l) (582) 

For (f) e we have \Ek(X,(l))\ < \le~^'^"^^^ and |£;f (A,0)| < 0{l)L^\~f^^^ e-^^'^-^''"-^^'^^'-''^^\ 
Hence for c/)/, G |7?.fc 

\El{X,(j,)\ < 0(1)2.3 Af_^^e-2«^^^W (583) 

and the same holds in the smaller domain (j) G TZ^+i- 

Now i?*'^^-*^ = _B*''-^-'^(A) where the sum is over X £ S and XjfAk+i and 



=ao(i^:, A) Vol(Afc+i n A) + a2iE;,X) ||0,+i^f2' II 



(584) 
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The bound (j583p implies (see similar estimates in part I) 

\ao{E;,X)\ <0(l)Vol(X)-iL3Af+ie-2-'i*HX) 

\a2iElX)\ <0(l)Vol(X)-iL3Af+J+^'e-2«'iMW (585) 
\a2AElX)\ <0(l)Vol(X)-iL3Af+f+'^e-2'^'^"W 

Furthermore \<l>,^,^^'\ < 0(1)A^+V and hence U,+,n'\\xnA,^, < 0(l)Vol(Xn Afe+i)A-_^V''. The 
same bound holds for JxnAk+i ^k+i Jl' ^t^4>k+i Therefore since 25 < e 

l^lfi!n+(^)l - t^(l)i'Af+ie-2«'^-(^) (586) 

Note that X € S and X^K^+i rules out that X contains any connected components of so we 

can replace the dM{X) by dM{X, mod ^^fc+i). 

Now localize as before and get a sum over strictly localized functions (i?*|^^ jj+)'(Z, <i>fe, 
satisfying 

l(^I+[n+)'(^)l - \Bo\U,e-^'^-'^^' (587) 
The lemma now holds with [Bl^^ -^^)' {Z) = (^3,*^% J'(^) + 
Conclusion: From the last two lemmas we can write 

^:+i,n- + ^:+i,n+ = ^.+i,n+(Afc+i) + Vi,n+(A^-+i) (588) 

where 

Then B^^^ -|-|-+ {X) is analytic in the domain (15741) and by (|554p and (I575P satisfies there 

l^fc+i n+(^)l - + ^^oAf+i)e^«''*-^(^' modo^_+i) < BaXl^^e-'"^"'^^' '°°df^^-+i) (590) 

Also note that B^^^ ■q+ (A/c, A^+i) is analytic on (|574l) and satisfies for Bq sufficiently large 

l^fe+i,n+(^^-'^fc+i)l ^ 5o|Ai'=+^) - Ai^+i)| (591) 
Finally substituting (|588p into (|552p yields 

n+ (592) 
Xfe+i(Afe+i) exp ( - 5+^i(Afe+i) + Ek+i{Kk+i) + ^fe+i,n+ (^^+1) + ^fc+i,n+(^'=+i)) 

All properties of the various functions have been established, so this completes the induction and the 
proof of the main theorem. 

In the third and final paper (which is much shorter) we establish the convergence of the expansion 
and prove the stability bound. 
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A notation 



For various reasons we have deviated from the notation employed by Balaban in [5]- [T3]. The fohowing 
table is a dictionary for connecting those papers with the present paper. It is not exact. 



This work 


Balaban 


o. 


o. 








Wl 
^*k 




i^k 


TT 
±± 


k 


n(Ai) 


M(Wk) 




iMk{Wk)nni^,,nk+i) 












6 




e 


"^kW 





Table 1: comparison of notation 



B a lattice identity 

A be a union of cubes in T|^'j^j^_^ as in the text, and let /, g be functions on a neighborhood of A. We 
prove the following identity: 

Theorem B.l. 

<9/,ag>,.A=<(-A)/,g>A+i ^ L~^^df{x,x'){g{x)+g{x')) (593) 
Proof. We have 

<a/,ag>,,A- L-''''df{x,x')dg{x,x') + ^ ^ L-''''df{x,x')dg{x,x') 

<x,x'><£A xi£A,x'eA': 

(594) 

= ^ L-''^df{x,x')dg{x,x') + - J2 L-'''df{x,x'){g{x')~g{x)) 

<x,x'>£A xeA,x'eA'= 
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The first sums are over oriented bonds < x,x' >=< + L^'^e^ >. The first hne is the definition 
and the second hne follows by dg{x,x') = L''{g{x') — g{x). 
On the other hand if is the restriction to A we have 

< (-A)/, g >A=< (-A)/, .gA >-< 9/, dgiy >= ^-^''df^x, x')dg{x, x') 

<x,x'>eA 

J2 L-^''df{x,x')dgA{x,x')+ L-^''df{x,x')dgA{x,x') 



(595) 



<x,x'>:x'eA,xeA'= 



(596) 



In the last sum dgA{x,x') = L^g{x') and in the previous sum dgA{x,x') = —L^g{x). Therefore the 
last two sums are 

Y L-'''df{x,x')g{x)+ Y L-^'df{x,x')g{x') 

<x,x'>:xeA,x'eA^ <x,x'>:x'eA,xeA'' 

= - E L-"'dfix,x')g{x) 
xeA,x'eA^ 

Here in the second sum over we have relabeled x ^ x' and used df{x', x) — ~df{x, x'). Then this sum 
and the one preceding it are sums of the same function over outward bonds x' € A, a; e A"^. But the 
first sum comes from outward bonds so < x^x' > is oriented and the second sum comes from outward 

' ' : combine them into an unrestricted sum over all outward bonds to 



neie ill lllh secunu sum uvei we nave leiaueieu x ^ x anu useu uj(x, X) — — u j x ). inen urns sum 

and the one preceding it are sums of the same function over outward bonds x' € A, a; e A"^. But the 
first sum comes from outward bonds so < x,x' > is oriented and the second sum comes from outward 
bonds so < > is oriented. We combine them into an unrestricted sum over all outwar ' ' 
get the last line. 

Now < df,dg >,^a — < {—^)f,g >A gives the surface integral in (|593p as announced. 

C another identity 

We seek an alternate expression for 



C, 



where as in the text fl'^ = (fl, flk+i) ~ {^i, ■ ■ ■ , ^k, ^k+i)- 
Lemma C.l. 



where 



Ak,r + a\Ak^rQkG Q+ ^Qk^k,', 



Ak,r 



Bk.r — 



(/-Q^Q) + 



1 



1 

ak +r 

ak + r a/c + ciL + r 

T 



ak + aL 2 + 7" 
aL^"^ + r 



fc + 1 



(597) 



(598) 



(599) 



Proof. Start with 



exp 



C 



kn^ 



/ > = const / d$exp < $, / > 



2i2 



(600) 
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(k) 

where /, $ : M. In general for 0:^1^ 



r ( 1 1 A ^"^^'^ 

=const y exp ( - 2 l|a'^'(«'fc,11 - Qk,n^)\^ - - < 0, (-A + /2fc)<^ > j 

This follows from (gU, (gT]), dH]) with = 0. Specializing to = (0, $) with $ on fifc+i this 

says 

exp(^-i<<i>,A, j^$ >) 
=const y exp(^-^||$-Qfc(/.||2^^^-i||ai/2g^f^c/.||^c_^^-i <</),(-A + A2fe)0> 
Insert (|602p into (I600p and do the integral over $ which is 
1 d<i>exp (<$,/> -^IIQ'&f - - y 11$ - 
= y d$cxp $,/ + afcQfc0 >-!<$, (ofe + r + aL-2Q7'g^,^$ > -y||g 



(602) 



=constexp(^i<^(/ + afcgfc),Afe,r(/ + afcQfc)^ - yllQfe 

Here we used ^a/c + r + aL~^g|^Qfe^ = ^fe.,. which follows since Q^Qk is a projection. Now we have 

exp(i</,C^.f^+,,/>) 
=const J exp (^<^(/ + CLkQk4'), Ak,r{f + o-kQkq 

< (j), A + fik + akQlQk+ Ql^n^Qk.n 

=constexp (^i (/, ^ J exp (^((t),akQlAk,rf) (604) 

-■^<0, + + akQlBk^rQk + Qlfi^Qk.n ) > 

=const exp Q (/, Afe,^/) ^ J exp (0, akQlAk,rf) - ^ < 0- 

=constexp(^- {f,Ak,rf) + y < f,^k^rQkG^j^+^^QlAk,rf > ) 
which gives the result. Here we have used the identity 

alAk,r ak =al (-^(/ - Q^Q) + ^^^^\^,^ Q^Q) 

^ak ( Q^Q) + ( - 1) Q^q) 

VVa/c+r / \ak + aL + r J ) 



a-k 



ak + r 
akBk,r 



' (/-Q^Q)+ "y"'+" Q^Q 



(605) 
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D connected polymer sums 

Let X G I? J, j-j be a multiscale polymer, and let \X\q^ be the number of elementary cubes in X as in 
section [XTI21 except now we work in arbitrary dimension d. 

Lemma D.l. For k, sufficiently large f k* > 0{logL)) and any elementary cube in D C I?^, 

J2 e""*""n <e-5'=* (606) 



Proof. We have 

^ e-^-l^lf2 < J2 e-'^-K^ D □ : 1^1^ = "}l (607) 

XdO n>l 

To count \{X D □ : \X\q = n}\ note that for each such X there is a tree (not unique) whose lines 
are pairs of adjacent cubes in X. This tree will have n — I lines. Distinct polymers give distinct trees 
so that number is less than the number of such trees. Each tree can be traversed with a path starting 
at □ and traversing each line exactly twice. Thus the number of trees in less than the number of 
paths of length 2n starting at □. Since each cube has at most 2dU^^^ neighbors this is bounded by 
(2dL''-i)2". Thus the sum is bounded by 

^ e-"-"(2dL'^-l)2" < ^ g-(K.-2 1og(2rfL<^-i))n < (ggg) 
n>l n>l 

provided ^k* > 2 log(2(iL^^^) +log2. This completes the proof. 

For the next result we relax the condition that X be connected, so X is just a union of elementary 
cubes: L^'^^^^'^M cubes in 5Vtj (M-cubes in fifc). We sum over F D X of the same form. A connected 
component of Y has the property that every connected component of X is either contained in it or is 
disjoint from it. 

Lemma D.2. With as above 

, ^-.,\Y-x\^ ^ [e-^^'{2dL'^-^ + 1)\X\q^ (609) 

YZiX 

where the primed sum means every connected component of Y contains at least one connected compo- 
nent of X 



Proof. Let {Wq,} be the connected components of y — X. Let X' be the enlargement of X formed by 
adding all cubes which have a face in common with X. Then each Wa contains some cube in X' — X , 
(If not Wa is disjoint from X. Then Wa is a connected subset of Y with no path in Y to any other 
cube in Y, since any such path would have to pass through X. Hence Wa is a connected component of 
Y which contains no connected component of X which is a contradiction.) Conversely let {W^} be a 
collection of disjoint connected subsets in X'^ with the property that each contains a cube in X' — X. 
Then Y = X U (UcWq.) has the property that every connected component of Y contains at least one 
connected component of X. (It contains either a connected component of X or some Wa- In the latter 
case the cube in Wa provides a link to some connected component of X which is therefore included.) 
The upshot is that the sum can be written as a sum over the {Wq}. 
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We enlarge the sum to a sum over collections {Dq} of disjoint cubes in X' — X or even X', and 
connected Wa so Wa D Dq- Using also the previous lemma the sum is dominated by 

^ ^ e^'^'SZJM.clfi ^ ^ j-j ^ g-..|v^|f^ 

tx'\ (610) 
< J2 lle^'^^' = (l + e-^-)' < exp(e-i-lX'l^) 

Since < {2dU'^-'^ + \)\X\^we have the result. 

Remark. A variation is the following. Suppose X S I?s.(modr2fe), so X is connected and either 
contains a connected component of fi^ or is disjoint from it. Then X' — X C so the anchors {Da} 
in X' — X are M-cubes. Hence we get \X — X'\m < I-'S^'Im rather than the (possibly much larger) 
\X'\q^. The resuh is 

^ e""*'^"^''f^ <exp(e-^"*(2rfL''-i + l)|X|M) (611) 

E disconnected polymer sums 

Let F be a collection of Af-blocks □ in a lattice of dimension d. Y is not necessarily connected. We 
define various lengths £{Y)^l' {Y),£{Y) associated with Y. In the following "tree" means continuum 
tree. 

1. Mt'jyjiY) is the length of a minimal tree whose vertices are the centers of the blocks in Y . 

2. MiMiY) is the length of a minimal tree whose vertices are one point from each block in Y . 

3. M^MiY) is the length of a minimal tree whose vertices are one point from each block in Y and 
possibly other points. 

We have trivially Im{Y) < £Ai{Y) < ^m(^)- If is connected then hiiY) differs slightly from ^a/ (F) 
defined in part I, since the latter requires a minimal tree to lie in Y . But we do have iniY) < dMiY)- 
Recall also that \Y\m is the number of A/-blocks in Y. 

Lemma E.l. 

1. ImIY) < 2£m{Y) 

2. t'uiY) < iM{Y) + ^d\Y\M 

3. \Y\m <^{2'' + l){tM{Y) + l) 



Proof. We can take M — \ and drop the subscript M. 

1. [3D]. Let f be a minimal tree of length tij) — 1{Y). One can traverse f with a path 7 which 
passes through every vertex and has length 2^a/(^)- The path runs through the vertices in some 
order «!,...,?;„. Replace the segment from the vertex Vi to the vertex w^+i by a straight line. 
This gives a path 7 which passes thru each vertex exactly once and is shorter than 7. Hence 
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2. Let T be a minimal tree on the blocks of Y of length £{t) — £(Y). Replace each line by a line 
from center to center and call the resulting tree r'. This increases the length of each line by at 



most 2^/(1)2 H h = Vd. Then we have 

i'iY) < i{T') < 1{t) + Vd\Y\ = t{Y) + Vd\Y\ (612) 

3. Given Y construct a path 7 which goes through each vertex exactly once and has length ^(7) < 
2^(Y) as in part (1.). Let 71 be the first 2"^ + 1 lines, let 72 be the next 2'' + 1 lines, etc., and 
let 7„ be the last 2'^ + 1 or fewer lines, so 7 = 71 U • • • U 7„. For 1 < z < (n — 1) we must have 
^{li) > 1 since at most 2'^ blocks be mutually touching. Then if I7I is the number of lines in the 
path 7 



n n— 1 

\Y\ 1 =|7l ^Y.\^^\< n{T' + 1) < ( E ^(^') + 1) 2(2' + 1) 
1=1 1=1 

;(^(7) + 1)2(2'' + 1) < 4(2'' + l)e{Y) + 2(2"^ + 1) 



(613) 



<l 

which is sufficient. 
Lemma E.2. 

1. There are constants a' , b' — 0(1) such that for any M-cube Dq 



E eM-a'i'MiY))<b' (614) 



2. There are constants a,b — 0(1) such that 



E exp{-aiMiY)) < b (615) 

Y: YdDo 



Remark. These generalize bounds in part I where Y was required to be connected. Bounds of this 
type were used extensively in the papers of Gawedski and Kupiainen, see for example |21) . 

Proof. 

1. We take M = 1 and drop the subscript M. The sum is dominated by 
00 00 ^ 

E E cxp(-a'f (Do U Di U • • • U □„)) = E ~ E exp(-a7'(no U Di U • • • U □„)) 

n=0 {□!,...,□„} n=0 (□!,...,□„) 

(616) 

where the sum is first over unordered collections of distinct blocks and then over ordered collec- 
tions of distinct blocks. 

For every (Di, . . . , □„) there is at least one tree t on (0, 1, 2, . . . , n) such that the induced length 

d,(no,ni,...,n„)= J2 d'{a,,a,) (6i7) 

{«,i}6T 
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satisfies drlOo, Di, . . . , □„) ~ £'{Oq, Di, . . . , □„). Here d'{0, □') is the distance between centers. 
Thus our sum is dominated by 



oo ^ 

T.^_Y1 E exp(- a' d,(no, □!,...,□„)) 

n=0 ' T (Dj □„): 

^E^E E n exp(-a'd'(n,:,n 



=0 r (□!,...,□„) {ij}Gr 

In the second step we dropped the restriction of the sum over (Di, . . . , □„). Now we sum over 
the outer leaves of the tree working our way back to the root at 0, using the bound 



exp(-a'd'(n,n')j < 0(1)6""' (619) 
Then the expression is dominated by 

oo oo 

^ _(0(l)e-')"^l < ^(O(l)e--')" < 0(1) (620) 

n— ' r n—Q 

for a' sufficiently large. Here we use Cayley's formula that there are n""^ tree graphs on n 
vertices. Here this is (n + 1)""! < 0(1)"^!. 



2. Using the second and third bound in lemma IE. II we have for a, b sufficiently large 
exp{~a£{Y))< ^ exp {a - a')e{Y) + a'Vd\Y\ ^ a'e'{Y) 

Y: YdOo Y: YdOo 

<0{1) J2 exp(-(a-0(l))^(y))exp(-ar(y)) 

Y: YdDo 

<0{1) Y exp(-aY(r)) < b 

Y: YdDo 



Lemma E.3. Let Q be a union of M -cubes. For □ C f2 and constants kq,Kq — 0(1) 



(621) 



Y exp ( - KndM{X, modl^'^)) < Ko (622) 

XeX>fc( mod n'=),XDD 



Proof. We have dMiX, modrj'^) > £m(^ n 17) > Um{X n n). Thus it suffices to show 



Y exp ( - ^KotM {X n f7)) < Ko (623) 

xeVki mod n'=),XDn 



We classify the terms in the sum by the Y = X O il they generate. Although X is connected, Y need 
not be. The sum can then be written 

Y exp(^-^KQ£M(Y)^ {X eVkimodn) : X nn^Y} (624) 



Y-.YdO 
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Thus we must estimate the number of polymers X £ Vkiniodil) such that X O fl = Y . If i^^} are 
the connected components of fJ^, then any such X can be written 

X = y U (Xn 17^)) (625) 

By our assumptions either XDil^ — 9 or X D ff^ ~ ff^ . Since X is connected each non-empty X n ff^ 
must have a block sharing a face with a block in Y . Thus the number of non-empty X D fi^ is at most 
S'^jyiM- Counting the number of X's generating a particular Y means choosing a subset of this set. 
Thus there are less than 2^ '^'"'^ such X. Now our sum is bounded by 

^ exp(^~^Ko£M{Y)+0{l)\Y\M) (626) 

Y-.YDUi 

But \Y\m < 0{1)£m{Y) + 0(1) by lemma |E?T] and so if kq is large enough the sum is bounded by 

0{1) exp(-iKo^M(n) (627) 

Y:YDn 

The result now follows by lemma lE . 2 1 provided kq > 4a. 



F cluster expansion with holes 

We quote a special version of the cluster expansion in which there are holes for the large field region. 
See also [IS], [H]. 

On a unit lattice consider subsets 51, A which are unions of M-cubes, and satisfy A d fl. we 
consider integrals of the form 

S = / exp ^(^' *) ^^A(<i>) (628) 

\Xe-Dfc( mod O=),XnA7t0 J 

Here /iA is an ultralocal probability measure on the fields $ : A — > M rendering them independent 
random variables. The $' are any other fields, and H{X, $) depends on $ only in X. 

Theorem F.l. Let cq = 0(1) be sufficiently small, let Hq < cq, let k > Skq + 3, and suppose 

\H{X, $)| < Hoe-""^^'^^' """^ '^'^ X e VkiiaodQ'') (629) 

071 the support of fiA . Then 

S = exp| J2 H*iY,^')\ (630) 

where H'^{Y, $') depends on $' only in Y and satisfies 

\H*{Y,<^>')\ < o{l)Hoe-^'"^'"'-^'>'^"'^^^'^°'^'^'"> (631) 

Remark. In addition H'^{Y) only depends on H{X) for X d Y . We call this the local influence 
property of the cluster expansion. 
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Proof. This closely follows the proof of the standard cluster expansion. It is exposed in Appendix 
B in part I, to which we refer for more details. The differences are that instead of general polymers 
X, we have polymers X e Vkimod fl"^) with holes fl"^, and instead of decay rates we have 

decay rates e''^'^''^-^' outside the holes. Key ingredients are the bound 

J2 f,->-«dM{Y, mod 0"=) < o(X)\Y' n 17|m (632) 

from (|622p and the bound 

\Y' n Vl\m < 0{l){dMiY\ raodfl'') + 1) (633) 

We have stated these estimates in a form that takes into account that there is a modified notion of 
connectedness between polymers. Now we say that Xi,X2 S I?fe(mod il'^) are fi-connected if XiDfl 
and X2 n have non-empty intersection (i.e if Xi D X2 H ^ 0). Otherwise Xi n and X2 n Vl 
have empty intersection and they are called il-disjoint. Note that i7-connected implies connected, but 
f2-disjoint does not imply disjoint. 

We sketch some details of the proof. First we make a Mayer expansion and write 

exp [Y.H{X)\ = J2 U^iYj) (634) 
where the Yj are f2-disjoint, and where where for Y C 2?fe(mod il'^) and F n A 7^ 0. 

{Xi}:UiXi=Y i 

The latter sum is restricted by the condition that the Xi are fi-connected, i.e. cannot be divided into 
fi-disjoint sets. K{Y) = K{Y, $) only depends on in Y and $ in F n A. 
To estimate K{Y) we need to show that if {X^} has n elements 

dAiiY, mod fl") < dMiX,, mod Q") + {n ~ 1) (636) 

i 

To see this let be minimal graphs on the cubes in XiOfl of length £{Ti) = MdM{Xi, mod fl'^). Stitch 
together the to get a graph t on the cubes in Ui{Xi Oft) — Y Dfl with £{t) < ^i'^'i) + M{n — 1) 
Since MdmiY, mod fl'^) < £{t) this gives the result. 

With some further analysis the bounds (|632p . (|633p . (I636P lead to the bound on the support of /iA 

\K{Y)\ < 0{l)Hoe-^^-''°-^'^'^"^^^ ""^ (637) 

Because the Yj O are disjoint, the Yj n A are disjoint. Since K{Y, $'$) depends on $ only in 
Yi n A, and because fields at different sites are independent random variables 



/ (En^(^^''j''''j'))^MA('j')=En^^(^^'*') (638) 

K*{Y,^') = J K{Y,<i>',^)d^iA{^) (639) 



{y,} 3 {y,} 

where 



again satisfies the bound (|637p . 

Next we exponentiate the sum and get 



Y.\{k*{Y,) = exp (5]i/#(r)) (640) 

{yj} 3 Y 
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where for Y C 2?fe(niod fl") and F n A 7^ 0. 

00 

^*(^) = E;^ E P^{Yu...,Y^)l[K*{Yi) (641) 

«=i ■ (yi,...,y„):Uiyi=y i 

and ^"^(^1, . . . , F„) is now defined so it vanishes if the Yj are not fi-connected. 

Finally, with some further analysis, the bound on K'^{Y) and the estimates (|632p . (|633p . (|636p . 
(I637P lead to the convergence of the series and the estimate (|63ip . 
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